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Abbreviations and notations

Linear optimization - LO

Quadratic programming - QP

Linear complementarity problem - LCP

Positive semidefinite - PSD

Second-order cone optimization - SOCO

Symmetric cone optimization - SCO

Cartesian symmetric cone linear complementarity problem - SCLCP

Cartesian symmetric cone horizontal linear complementarity problem - SCHLCP

Interior-point algorithm - IPA

Primal-dual - PD

Predictor-corrector - PC

Lowercase Latin letters - Scalars and indices.

Bold lowercase Latin letters - vectors.

Uppercase Latin letters - matrices.

Rn - the set of n-dimensional vectors.

Rn
+ - the set of n-dimensional vectors with strictly positive coordinates.

Rn
⊕ - the set of n-dimensional vectors with nonnegative coordinates.

e - the all-ones vector with the corresponding size.

xs - the componentwise product of vectors x ∈ Rn and s ∈ Rn.
x
s - the componentwise division of vectors x ∈ Rn and s ∈ Rn, where si ̸= 0, ∀0 ≤ i≤ n.
√

xs - the componentwise square root of vector xs, where x,s ∈ Rn.

x− - min{x,0}, where the minimum is taken componentwise and x ∈ Rn.

xT s - the scalar product of vectors x ∈ Rn and s ∈ Rn.

∆x,∆s - Newton directions.

diag(x) - diagonal matrix formed by the elements of the vector x.

∥.∥ - Euclidean norm.

∥.∥∞ - infinity norm.
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Chapter 1

Introduction

1.1 Historical background

The development of linear optimization (LO) began during World War II, where the optimiza-

tion of resource allocation in military logistics was needed. Dantzig introduced the simplex

algorithm in 1947 for solving LO problems [20]. Although the simplex algorithm has worked

very well in practice, theoretically in the worst case the simplex algorithm requires exponen-

tial number of iterations. In 1972, Klee and Minty [67] constructed an example for which the

simplex method takes a number of steps exponential in the problem size. In the meantime,

the development of interior-point algorithms (IPAs) started. First, Frisch [41] showed a new

approach in 1957, called multiplex method that used logarithmic function for determining the

direction in each step. In 1967 Dikin [34] showed an iterative method for solving LO and

quadratic programming (QP) problems as well. The ellipsoid method was proposed first by

Yudin and Nemirovski [112] and then Kachiyan adopted it for LO [64]. This is the first poly-

nomial algorithm for LO. In 1984, Karmarkar [62] showed a projective algorithm that had a

huge impact on the development of IPAs.

IPAs have shown to be successful in solving many difficult optimization problems quite

efficiently. The most important results related to IPAs for solving LO problems are summarized

in [32, 69, 82, 93, 107, 109]. IPAs have been extended to more general problem classes, such

as linearly constrained (convex) QP [4, 108], semidefinite programming (SDP) [31, 33], second-

order cone optimization (SOCO) [97, 105], symmetric cone optimization (SCO) [91, 94], and

linear complementarity problems (LCPs) [19, 47, 49, 50].
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LCPs are a heavily studied topic nowadays. It is important to mention that currently a

generalization of LCPs is studied as well. In 2009, Luo and Xiu, in [74] presented an IPA for

solving Cartesian symmetric cone linear complementarity problems (SCLCPs). Later, Lešaja

et al. [73] introduced an IPA based on kernel functions for solving SCLCPs. In 2016, Asadi et

al. [9] presented their results about the Cartesian symmetric cone horizontal linear complemen-

tarity problems (SCHLCPs). Since then, several results have been published about SCHLCPs

[10–12]. Finally, we remark that LO, SDP, SCO, QP, LCP can be reformulated as SCHLCP,

hence these are special cases of SCHLCP.

The Karush-Kuhn-Tucker optimality conditions of LO and QP problems lead to LCPs. The

monographs written by Cottle et al. [19] and Kojima et al. [69] summarize the most important

results related to the theory and applications of LCPs. Furthermore, several important appli-

cations of LCPs arise in different fields, such as economics, finance, engineering, etc. This also

motivates the study of these types of problems. In Section 1.6 we present several applications

of LCPs. It is really important to mention that the complementarity condition appeared first in

1939 [63]. Later, in 1963 Lemke and Howson [71] introduced the well-known Lemke algorithm.

This algorithm is a pivot method for getting a solution for LCPs. They showed that the Nash

equilibria of a bimatrix game is equivalent to a solution of the corresponding LCP.

1.2 Matrix classes

It is well-known that the solvability of an LCP is highly influenced by the properties of the

problem’s matrix. Note that, in general, LCPs belong to the class of NP-complete problems

[16]. It is proved that if the problem’s matrix has a special property, such as skew-symmetric

[93, 107, 109] or positive semidefinite (PSD) [68], then the problem can be solved using IPAs

in polynomial time. However, an important class of LCPs, that will be discussed in a more

detailed way, is the class of sufficient LCPs. Cottle, Pang, and Venkateswaran [18] introduced

the class of sufficient matrices.

Definition 1.2.1. (Cottle et al. [18]) A matrix M ∈ Rn×n is a column sufficient matrix if for

all x ∈ Rn

X(Mx) ≤ 0 implies X(Mx) = 0,
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where X = diag(x). Analogously, the matrix M is row sufficient if MT is column sufficient.

The matrix M is sufficient if it is both row and column sufficient.

The matrix class name sufficient originates from the meaning that if the matrix satisfies

the conditions defined for sufficiency, the solution set of the problem is a convex, closed, and

bounded polyhedron [18]. On the other hand, there is another important matrix class, that is

called P∗(κ)-matrix class. Kojima et al. [69] proposed the notion of P∗(κ)-matrices.

Definition 1.2.2. (Kojima et al. [69]) Let κ ≥ 0 be a nonnegative real number. A matrix

M ∈ Rn×n is a P∗(κ)-matrix if

(1+4κ)
∑

i∈I+(x)
xi(Mx)i +

∑
i∈I−(x)

xi(Mx)i ≥ 0, ∀x ∈ Rn, (1.2.1)

where

I+(x) = {1 ≤ i≤ n : xi(Mx)i > 0} and I−(x) = {1 ≤ i≤ n : xi(Mx)i < 0}.

The smallest of the parameter κ is called the handicap of the matrix M and is denoted by

κ̂(M).

Definition 1.2.3. (Kojima et al. [69]) We define the class of P∗-matrices as

P∗ =
⋃

κ≥0
P∗(κ).

In 1991, Kojima et al. [69] proved that if a matrix is a P∗(κ)-matrix, it is column sufficient as

well. In 1995 Guu and Cottle [45] proved the row sufficiency of a P∗(κ)-matrix, so in this case,

it is proven that if a matrix is P∗(κ), it is also sufficient. Finally, in 1996 Väliaho proved that

the class of P∗-matrices is equivalent to the class of sufficient matrices [101]. It is well known

that IPAs for P∗(κ)-LCPs have polynomial iteration complexity in the size of the problem,

the handicap κ of the matrix, the starting point’s duality gap and in the accuracy parameter.

This is the largest class of LCPs for which convergence of the IPAs can be established without

requiring boundedness of the level set condition. In this case it is enough to assume that the

strict interior of the feasible set is nonempty. However, de Klerk and E.-Nagy showed in [33]

that the handicap of a matrix can be exponential in the bit length of the data. This means that
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it is still unknown whether there exist polynomial algorithms in the size of the problem and bit

length for sufficient matrices. Analyses of IPAs are usually dependent on the parameter κ in

their complexity results. However, the numerical results in practice show far better iteration

numbers than the theoretical complexity results. This was shown in some papers using different

types of IPAs [25, 27], which motivated us to conduct research on the theory and applications

of IPAs for solving LCPs.

1.3 Classification of interior-point algorithms

Several types of IPAs have been discussed in the literature. We can classify IPAs based on the

step length. They can be short- and long-step algorithms. The short-step algorithms work in a

small neighborhood, while the long-step algorithms work in a wide neighborhood of the central

path. For a long time, there was a gap in theoretical and practical behavior of the two types of

IPAs, since the short-step methods had better theoretical results than the long-step algorithms,

while in practice the latter ones showed to be more efficient. Firstly, Peng et al. [86] introduced

IPAs based on the class of the self-regular barriers to reduce this gap. For some instances of

self-regular kernel functions, the iteration bound for the long-step IPAs is O
(√

n logn log
(

n
ϵ

))
.

Bai et al. [14] obtained the same improvement for solving LO with an IPA based on eligible

kernel functions. Later, Lešaja and Roos [72] generalized this result to P∗(κ)-LCPs with IPAs.

Potra [87] introduced the first IPA acting in a wide neighborhood of the central path that

has both superlinear convergence and O(
√
nL) iteration complexity, which is currently the best

known iteration bound for short-step IPAs. Later on, with a new technique, Ai and Zhang [3]

introduced a large-step IPA for monotone LCPs, that has the same complexity as the currently

known best short-step IPAs. In [90], Potra generalized the algorithm that was introduced by

Ai and Zhang to sufficient LCPs. It is also important to mention that this algorithm works in

a wide neighborhood of the central path.

On the other hand, we can speak about primal-dual (PD) algorithms or predictor-corrector

(PC) IPAs. In the case of PC IPAs, we have two types of steps. Predictor (greedy) step aims

to reach the optimal solution in a greedy way and gives the iterate outside of the neighborhood

of the central path and then corrector steps return it in the corresponding neighborhood of the

central path.

It is necessary to mention that in the theory of IPAs the determination of the search direction

5



plays a key role. There is the aforementioned method based on kernel function [86]. On the

other hand, Darvay presented another new technique that is called the algebraically equivalent

transformation (AET) of the centering equations of the central path system [22]. The main

idea behind this technique is to apply a continuously differentiable and invertible function φ

on the nonlinear equation of the central path system. He used the function φ(t) =
√
t in [22].

It is important to mention that in 2006 Achache [1] introduced a new PD IPA based on the

same AET function that was introduced by Darvay. However, Achache introduced this new

approach to solve convex QP problems. Later, Achache [2] extended his results to solve LCPs

as well. On the other hand, the first PC IPAs for solving LO and linearly constrained QP that

used this technique were introduced by Darvay [23]. Kheirfam generalized these algorithms to

P∗(κ)-horizontal LCPs [65]. In most articles, the identity function is used as AET function,

however Darvay used φ(t) =
√
t in his first results related to the AET approach [21, 22]. In

papers [24, 25], Darvay et al. proposed another AET function, namely φ(t) = t−
√
t, to define

new IPAs for LO and P∗(κ)-LCPs. Haddou et al. [46] introduced a class of concave functions

using another type of transformation on the central path system. Note that φ(t) = t−
√
t is

not a member of this class. Rigó in her PhD thesis [92] presented short-step PD IPAs and PC

IPAs based on different types of AET functions. An important and really interesting topic in

this area was to introduce a class of functions which contains most of the already known AET

functions and to prove that applying any function from the class would result in an IPA that

has polynomial complexity. Varga [103] in her PhD thesis showed a class of AET functions for

Ai-Zhang type long-step IPAs. Further results regarding Ai-Zhang type long-step IPAs can be

found in [79, 80]. In this thesis a new class of AET functions for short-step IPAs and a new

class of AET functions for PC IPAs will be presented [58].

1.4 Linear complementarity problems

In the first part of this section we present some basic concepts related to the theory of P∗(κ)-

LCPs and P∗(κ)-matrices.
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1.4.1 Linear complementarity problems and P∗(κ)-matrices

The aim of the LCPs is to find vectors x,s ∈ Rn, that satisfy the following constraints:

−Mx+ s = q, x,s ≥ 0, xs = 0, (LCP )

where M ∈ Rn×n, q ∈ Rn and xs is the componentwise product of vectors x and s. The feasible

region, the interior and the solution set of the LCP are given as follows:

F := {(x,s) ∈ Rn
⊕ ×Rn

⊕ : −Mx+ s = q},

F+ := {(x,s) ∈ Rn
+ ×Rn

+ : −Mx+ s = q},

F∗ := {(x,s) ∈ F : xs = 0}.

A problem is called P∗(κ)-LCP if the coefficient matrix of (LCP ) is P∗(κ)-matrix. Throughout

the thesis we have the following assumption.

Assumption 1.4.1. Suppose that F+ ̸= ∅ and M is a P∗(κ)-matrix.

Hence, we are dealing with P∗(κ)-LCPs.

The central path problem in this case is

−Mx+ s = q x,s> 0, xs = µe, (CPP )

where e denotes the n-dimensional all-one vector and µ > 0.

Theorem 1.4.1. (Kojima et al. [69]) For a given LCP with matrix M ∈ P∗(κ) the following

three statement are equivalent:

• F+ ̸= 0;

• ∀w ∈ Rn
+,∃!(x,s) ∈ F+ : xs = w;

• ∀µ > 0,∃!(x,s) ∈ F+ : xs = µe, so the central path exists and unique.

Remark 1.4.1. T. Illés, C. Roos and T. Terlaky gave a constructive proof for the theorem in

an unpublished manuscript in 1998. This proof can be found in the PhD thesis of M. E.-Nagy

[77].
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The unique solution to the central path system for a certain µ is called µ-center. The set of

µ-centers form a path towards the solution when µ is running through positive real numbers.

In the following subsection we present the classical AET approach.

1.4.2 Algebraically equivalent transformation technique

In this subsection, we present the AET technique in the case of P∗(κ)-LCPs. It is important

to mention that this technique was first proposed for LO problems by Darvay [22].

Let φ : (ξ̂,∞) → R, with 0 ≤ ξ̂ < 1, be a continuously differentiable and invertible function,

such that φ′(t) > 0, ∀t > ξ̂, see [22]. We use the notation φ(x) = [φ(x1),φ(x2) . . . ,φ(xn)]T .

System (CPP ) can be written:

−Mx+ s = q x,s> 0, φ
(

xs
µ

)
= φ(e). (CCPφ)

Applying Newton’s method we obtain the following system, see [25]:

−M∆x +∆s = 0,

S∆x +X∆s = aφ, (1.4.2)

where

aφ = µ
φ(e)−φ

(
xs
µ

)
φ′
(

xs
µ

) . (1.4.3)

This system has unique solution, which follows from the following result.

Corollary 1.4.1. (Kojima et al. [69]) Let M ∈ Rn×n be a P∗(κ)-matrix, x,s ∈ Rn
+. Then, for

all aφ ∈ Rn the system

−M∆x +∆s = 0

S∆x +X∆s = aφ (1.4.4)

has a unique solution (∆x,∆s), where X = diag(x) and S = diag(s) are the diagonal matrices

obtained from the vectors x and s.

Scaling plays important role in the theory of IPAs. For scaling, we introduce the following
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notations:

v =
√

xs
µ
, d =

√x
s
, dx = d−1 ∆x

√
µ

= v∆x
x

, ds = d∆s
√
µ

= v∆s
s

. (1.4.5)

From (1.4.5), we obtain

∆x = xdx

v
and ∆s = sds

v
. (1.4.6)

After substituting (1.4.6) into (1.4.2) we obtain the scaled system:

−M̄dx +ds = 0,

dx +ds = pφ, (1.4.7)

where M̄ =DMD, D = diag(d) and

pφ = φ(e)−φ(v2)
vφ′(v2) . (1.4.8)

Table 1.4.1 contains the classical AET functions used in the literature and the corresponding

vectors aφ and pφ. In 2003 Darvay introduced the AET technique in [22], where he considered

φ aφ pφ

φ(t) = t µe−xs v−1 −v
φ(t) =

√
t 2(√µxs−xs) 2(e−v)

φ(t) = t−
√
t

√
µxs

2
√

xs−√
µe −xs 2(v−v2)

2v−e

φ(t) =
√

t
2(1+

√
t)

√xs
µ (µe−xs) e−v2

Table 1.4.1: AET functions used in the literature

the case of φ(t) =
√
t. Later, Darvay et al. [24] proposed an IPA based on the function

φ(t) = t−
√
t that was extended to P∗(κ)-LCPs in [26] and to SCHLCP in [12, 28]. Finally,

Kheirfam and Haghighi in [66] presented a full-Newton step feasible IPA based on the function

φ(t) =
√

t
2(1+

√
t) .

In this thesis, we present a PD IPA and a PC IPA that are based on new classes of AET

functions. These results can be found in Chapters 2 and 3.

9



1.5 Search directions based on kernel functions

In this section, we present the kernel based approach for determining search directions. Later,

we show that these classes of kernel functions are different from the ones corresponding to the

classes of AET functions defined in this thesis.

In the literature, there are several properties and definitions about kernel functions. For a

kernel function, the following properties have to be satisfied.

Definition 1.5.1. A function ψ :R+ →R⊕ is called a kernel function if it is twice continuously

differentiable and if the following conditions hold:

K1. ψ(1) = ψ′(1) = 0;

K2. ψ′′(t)> 0, for all t > 0;

K3. limt→0ψ(t) = limt→∞ψ(t) = ∞.

We can construct a barrier function Ψ : Rn
+ → R+ as a separable function of the following form:

Ψ(v) :=
n∑

i=1
ψ(vi),

where v ∈ Rn
+.

In [86] the authors proposed a modification of the second equation of the scaled system as

dx +ds = −∇Ψ(v).

Using the modified second equation and the scaled system (1.4.7), we have

dx +ds = −∇Ψ(v) = pφ = φ(e)−φ(v2)
vφ′(v2) . (1.5.1)

Therefore, the corresponding kernel functions could be assigned to several functions φ ap-

pearing in the AET technique in the following way, see [84]:

ψ(t) =
∫ t

1

φ(τ̄2)−φ(1)
τ̄φ′(τ̄2) dτ̄ , (1.5.2)

where the function ψ satisfies the properties K1.-K3.
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1.5.1 Self-regular functions

In [86], Peng, Roos and Terlaky introduced a class of self-regular functions:

Definition 1.5.2. (Peng et al. [86]) A function ψ : (0,∞) → R, ψ ∈ C2 is self-regular if it

satisfies the conditions

SR1. ψ(t) is strictly convex with respect to t > 0 and ψ(t) = 0 at its global minimal point t= 1,

i.e. ψ(1) = ψ′(1) = 0. Further, there exist positive constants ν2 ≥ ν1 > 0 and p≥ 1, q ≥ 1

such that

ν1
(
tp−1 + t−1−q

)
≤ ψ′′(t) ≤ ν2

(
tp−1 + t−1−q

)
∀t ∈ (0,∞); (1.5.3)

SR2. For any t1, t2 > 0,

ψ
(
tr̂1t

1−r̂
2

)
≤ r̂ψ(t1)+(1− r̂)ψ(t2) ∀r̂ ∈ [0,1]. (1.5.4)

They managed to reduce the theoretical complexity of long-step IPAs by using self-regular

functions.

Now, we present the class of eligible kernel functions proposed in [14].

1.5.2 Eligible kernel functions

First, we give the conditions of the eligible kernel functions.

Definition 1.5.3. (Bai et al. [14]) We call a kernel function an eligible kernel function if it

satisfies the following conditions:

EK1. tψ′′(t)+ψ′(t)> 0 ∀t < 1;

EK2. ψ′′′(t)< 0, ∀t > 0;

EK3. 2ψ′′(t)2 −ψ′(t)ψ′′′(t)> 0 ∀t < 1;

EK4. ψ′′(t)ψ′(β̂t)− β̂ψ′(t)ψ′′(β̂t)> 0, ∀t > 1, β̂ > 1.

Lešaja and Roos [72] generalized the IPA presented in [14] based on eligible kernel functions

to P∗(κ)-LCPs. Darvay et al. [30] proposed an IPA for P∗(κ)-LCPs that is based on a barrier

function which is defined by a subclass of the eligible kernel functions, called standard kernel

functions. They provided a unified, comprehensive complexity analysis of the IPA and a general
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procedure to determine the iteration bounds for long-step and short-step versions of the method

for the entire class of standard kernel functions.

In the following subsection several applications of LCPs will be presented.

1.6 Applications of linear complementarity problems

LCPs have a wide variety of applications in different fields, such as engineering, finance, eco-

nomics, game theory and physics [19, 39, 71, 95]. In this section, we present some of the

applications. The Karush-Kuhn-Tucker optimality conditions of LO and QP can be formu-

lated as LCPs [19, 85]. This shows the importance of analysing LCPs. Several game theory

problems can be transformed into LCPs, for example, bimatrix games [71] or quitting games

[95]. It is also important that testing the copositivity of a matrix has a connection with solving

LCPs [15]. The Arrow-Debreu competitive market equilibrium problem with linear and Leon-

tief utility functions can be modelled as LCP, as well [78, 111]. These special cases of LCPs

are discussed in the sections below.

1.6.1 Linear Optimization

Let us consider the PD LO problem as

min cT x, max bT y,

Ax = b, AT y+ s = c, (1.6.1)

x ≥ 0, s ≥ 0,

where A ∈ Rm×n is with full row rank, b ∈ Rm and c ∈ Rn are given.

The set of feasible solutions for the LO pair:

P = {x ∈ Rn
⊕|Ax = b} and D = {(y,s) ∈ Rm ×Rn

⊕|AT y+ s = c}.

The set of primal and dual interior points are:

P+ = {x ∈ P|x> 0} and D+ = {(y,s) ∈ D|s> 0}.
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The optimal solution sets are:

P∗ = {x∗ ∈ P|cT x ≥ cT x∗,∀x ∈ P} and D∗ = {(y∗,s∗) ∈ D|bT y ≤ bT y∗,∀(y,s) ∈ D}.

The following result is presented in different equivalent forms, see for example the book of

Roos, Terlaky and Vial [93] and the paper of Terlaky [99].

Theorem 1.6.1. (Weak duality theorem) For any x ∈ P and (y,s) ∈ D the inequality cT x ≥ bT y

holds, and with equality if and only if xT s = 0.

The optimality conditions of the PD LO problem are the following:

Ax = b, x ≥ 0,

AT y+ s = c, s ≥ 0, (1.6.2)

xs = 0,

where the last equation is called complementarity condition and it is the componentwise product

of x and s. The first two equations are called primal and dual feasibility conditions.

If we consider (1.6.2), we have the following:

M̂ =

 O A

−AT O

 and q̂ =

−b

c

 , (1.6.3)

where M̂ ∈ R(m+n)×(m+n) is skew-symmetric and q̂ ∈ Rm+n. With this reformulation, we can

solve the LO problem as LCP as well.

1.6.2 Quadratic Programming

Let us consider the well-known linearly constrained QP. We would like to find the vector x ∈Rn

that satisfies the following:

min 1
2xT Q̂x+cT x,

Ax ≥ b, (1.6.4)

x ≥ 0,
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where Q̂ ∈ Rn×n is a symmetric matrix, A ∈ Rm×n, b ∈ Rm and c ∈ Rn.

For this problem, the Karush-Kuhn-Tucker optimality conditions are the following:

ũ = c+ Q̂x−AT y ≥ 0, x ≥ 0, xT ũ = 0,

ṽ = −b+Ax ≥ 0, y ≥ 0, yT ṽ = 0.

If we introduce the notation

M̂ =

Q̂ −AT

A O

 and q̂ =

 c

−b

 , (1.6.5)

where M̂ ∈ R(n+m)×(n+m) is bisymmetric and q̂ ∈ Rn+m, the QP-KKT can be reformulated as

an LCP.

1.6.3 Exchange market equilibrium problems

The exchange market equilibrium problem was considered first by Walras in 1874 [104]. In this

model, we have n traders in the market, each with an initial endowment of m divisible goods

and a utility function that represents their consumption of their own and the other traders’

goods. We assume that each trader sells their entire initial endowment and they buy goods in

such a way that they are maximizing their utility function. We would like to find the market

clearing prices that ensure every product is sold and all money is spent. In 1954, Arrow and

Debreu [5] showed that such a price equilibrium exists under some mild conditions and if the

utility function is concave. However, it is important to mention that Arrow and Debreu did

not provide an algorithm to solve this problem, and even nowadays, finding solutions remains

a heavily studied topic, typically limited to special cases of the model they considered.

A special type of market exchange model, later called the Fisher model, was proposed by

Irving Fisher in his 1892 thesis [40]. Fisher divided the people on the market into producers and

consumers. Producers bring their goods to the market, while consumers arrive with money. In

this case, price equilibrium means that prices are set in such a way that each consumer spends

all of their money, and each producer sells their entire endowment. It can be seen that this is

a special case of the original problem if we consider money as a special type of good.
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Let us consider the following notations:

x̂i = [x̂i
1, x̂

i
2, . . . , x̂

i
m]T ∈ Rm

⊕ : the goods of the ith trader,

ŵi = [ŵi
1, ŵ

i
2, . . . , ŵ

i
m]T ∈ Rm

⊕ : the initial endowments of the ith trader,

p̂ = [p̂1, p̂2, . . . , p̂m]T ∈ Rm
⊕ : the prices of the goods,

ûi(x̂i): the utility function of the ith trader,

û = [û1(x̂1), û2(x2), . . . , ûn(xn)]T ∈ Rn
⊕: the vector of the trader’s utility functions.

Consider the special case where each trader has only one good (pairing model). This implies

n=m. The linear and Leontief utility functions are well known in the literature. First, let us

define the linear utility function:

ûi(x̂i) =
m∑

j=1
ŵi

j x̂
i
j .

The Leontief utility function can be written as

ûi(x̂i) = min
j,âij>0

x̂ij

âij
,

where Â= (âij) ∈ Rm×m
⊕ is the Leontief coefficient matrix.

Eisenberg and Gale [36, 37, 42] gave a convex programming approach of the Fisher case of

the Walras problem with both linear and Leontief utility functions. With this reformulation,

the problem can theoretically be solved using the ellipsoid method. In the case of linear utility

functions, Eaves [35] presented the reformulation of the problem as a LCP, which means that

it can also be solved by Lemke’s algorithm. In this thesis, we consider the Fisher problem with

Leontief utility functions and its reformulation.

In this case, the convex programming model of Eisenberg and Gale can be written as

max
n∑

i=1
ŵi log ûi(x̂i),

ÂT û ≤ e, (1.6.6)

û ≥ 0,

where e is the n dimensional vector of all ones. It was proven in [36] that an equilibrium price

vector is an optimal Lagrangian multiplier of the convex programming problem (1.6.6). Thus,
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we search for such weights ŵi that an optimal Lagrangian multiplier vector p̂ of (1.6.6) is equal

to ŵ. Therefore, p̂ is the solution of the following system (which can be derived from the KKT

conditions for problem (1.6.6))

ÛÂp̂ = p̂,

P̂ (e− ÂT û) = 0,

ÂT û ≤ e, (1.6.7)

û, p̂ ≥ 0,

p̂ ̸= 0,

where Û = diag(û) and P̂ = diag(p̂).

Based on this formulation, Ye [110] showed that the pairing Arrow-Debreu model with Leontief

utilities is equivalent to a LCP problem. First, let us take into account the partition of the

traders:

B̂ = {j : p̂j > 0}, N̂ = {j : p̂j = 0},

where B̂ is the index set of traders with a product that has a positive price in an equilibrium

solution, and N̂ contains the indices of the remaining traders. It is important to mention

that in a solution ûj(x̂j) > 0 if and only if p̂j > 0. This is explained by the fact that positive

prices are necessary for them to have positive utilities. Furthermore, if p̂j > 0, then the entire

quantity of product j will be sold, that is, ∑m
i=1 âij ûi(x̂i) = 1. Using the B̂− N̂ partition we

can reformulate system (1.6.7) as follows:

(Û
B̂B̂

Â
B̂B̂

)p̂
B̂

= p̂
B̂
,

ÂT
B̂B̂

û
B̂

= e,

ÂT
B̂N̂

û
B̂

≤ e,

û
B̂
, p̂

B̂
> 0,

(1.6.8)

where Û
B̂B̂

, Â
B̂B̂

are submatrices of Û and Â, û
B̂
, p̂

B̂
are subvectors of û and p̂ corresponding

to the index set of B̂, and Â
B̂N̂

is the submatrix of Â based on the index set of B̂ as row indices

and index set of N̂ as column indices. Since Û
B̂B̂

Â
B̂B̂

is column stochastic, which is a square

matrix where all entries are non-negative, and each column sums to 1. The vector p̂
B̂

is the

16



right Perron-Frobenius eigenvector of this matrix. Finally, to derive the LCP problem let us

take into account Theorem 4 from [110].

Theorem 1.6.2. (Theorem 4 in [110]) Let B̂ ⊂ {1,2, . . . ,n}, N̂ = {1,2 . . . ,n} \ B̂, Â
B̂B̂

be

irreducible, and û
B̂

satisfy the linear system

ÂT
B̂B̂

û
B̂

= e, ÂT
B̂N̂

û
B̂

≤ e and û
B̂
> 0.

Then the (right) Perron-Frobenius eigenvector p̂
B̂

of Û
B̂B̂

Â
B̂B̂

together with p̂
N̂

= 0 will be a

solution to system (1.6.7). The converse is also true.

Based on the previous theorem, it can be seen that we can find the equilibrium of the

problem, if we find a non-trivial solution û ̸= 0, to the following LCP:

ÂT û+ ŝ = e,

û, v̂ ≥ 0, (1.6.9)

ûv̂ = 0.

Lastly, it is important to note that there exist polynomial algorithms for solving the Fisher

model with both the linear and Leontief utility functions [111]. For the Arrow-Debreu model

with linear utility functions there exist algorithms for solving it in polynomial iteration time

[61, 111]. However, in the case of Arrow-Debreu model with Leontief utility functions the

problem is NP-hard, as it is equivalent to general LCPs with a non-negative coefficient matrix

[17].

1.7 Structure of the thesis

In this section, we discuss the structure of the thesis. Firstly, we present a literature review on

the topic of LCPs, especially in the case of sufficient LCPs. The results from [56] were used in

the subsequent chapters of the dissertation (Chapters 1-4).

In Chapter 2, we introduce the first class of AET functions for determining a PD IPA for

solving sufficient LCPs. Firstly, we introduce the new class of AET functions. Next, we present

the PD IPA that contains an AET function from this class as an input. Finally, in the last
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section, we provide the complexity analysis of the algorithm. These results are presented in

[58] and also can be found in the research report [56].

In Chapter 3 we introduce a class of AET functions that is used in designing a PC IPA for

solving P∗(κ)-LCPs, as described in Section 3.1. Up to our best knowledge, this is the first

class of AET functions for determining a PC IPA. Firstly, we present the new class of AET

functions. Next, we introduce the PC IPA that contains a function from this class of AETs as

an input. Finally, we show the complexity analysis for this presented PC IPA. In Section 3.2

we present a special case of this class of AET functions that has inflection point. We introduce

the case of φ(t) = t2 − t+
√
t as an input for the previously mentioned PC IPA. For this special

function we present the main results related to the complexity analysis of the PC IPA. These

results can be found in [59] and also in the research report [55].

In Chapter 4, we introduce a new type of PC IPA that works in a wide neighborhood of the

central path. First, we introduce a generalization of the wide neighborhood that was introduced

by Potra and Liu in [88]. We present the PC IPA in the case of φ(t) =
√
t that works in the wide

neighborhood of the central path. Finally, we present the complexity analysis of this algorithm.

We prove the polynomial iteration complexity of the IPA in the size of the problem, parameter

κ, the starting point’s duality gap and in the accuracy parameter. Our obtained results can be

found in [57] and in the research report [54].

In Chapter 5, we present our numerical results. First, we show how to calculate the Newton

directions in a way that makes numerical errors less likely to occur during the calculation.

After that, we present methods to calculate the step length in each iteration. Furthermore, we

also give a condition to verify the feasibility of the new iterates. We present the implemented

algorithms and we point out the differences between them and the theoretical IPAs. Finally,

we present our numerical results based on two test sets that we generated during our research.

The summary of the thesis is given in Chapter 6. It can be observed that the thesis is

partitioned into three main parts. The literature review is given in Chapter 1, the second part

contains our theoretical research given in Chapter 2, 3, and 4. Finally, the third part of the

thesis contains the obtained numerical results in Chapter 5.
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Chapter 2

Primal-dual interior-point algorithm

based on a new class of AET functions

Several articles were published including IPAs based on special AET functions. Our aim was

to determine a whole class of AET functions for which we can define a short-step PD IPA and

provide convergence and complexity analysis for the entire class. This result was later extended

to SCHLCP in [29]. We also present an example for an AET function belonging to this new

class, for which the corresponding kernel function is not an eligible kernel function. This chapter

contains the theoretical results about this new class of AET functions for determining search

directions with which we defined a new PD IPA [56, 58]. Up to our best knowledge, this is

the first class of AET functions in case of PD IPAs. Furthermore, we present the complexity

analysis of this new PD IPA based on the new class of AET functions. We provide polynomial

iteration complexity in the size of the problem, in the accuracy parameter, the starting point’s

duality gap and in the parameter κ.

2.1 New class of AET functions for primal-dual interior-

point algorithm

In this section, we introduce a new class of AET functions that defines different search directions

for a PD IPA.

Definition 2.1.1. (Definition 2.4 in [58]) Let φ : (ξ2,∞) → R be a continuously differentiable,

invertible function, such that φ′(t)> 0 ∀t > ξ2, where 0 ≤ ξ < 1. All functions φ satisfying the
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conditions below belong to the new class.

AET1. ∃ c̄1 ∈ R+, such that ∣∣∣∣∣ φ(1)−φ(t2)
2t(1− t2)φ′(t2)

∣∣∣∣∣≤ c̄1,

AET2. ∃ c̄2 ∈ R+, such that

∣∣∣∣∣∣
4t2φ′(t2)

[
(1− t2)φ′(t2)−φ(1)+φ(t2)

]
(φ(1)−φ(t2))2

∣∣∣∣∣∣≤ c̄2,

AET3. ∃ c̄3 ∈ R+ such that the inequality

4t2(φ(1)−φ(t2))φ′(t2) − c̄3
(
φ(1)−φ(t2)

)2
≤ 4t2(1− t2)

(
φ′(t2)

)2

≤ 4t2(φ(1)−φ(t2))φ′(t2)+
(
φ(1)−φ(t2)

)2

holds in all three conditions for all t > ξ.

It should be mentioned that the point t= 1 is removable discontinuity of the functions given

in AET1 and AET2, respectively.

Remark 2.1.1. (Remark 2.1 in [58]) Condition AET1 can be rewritten in the following form:

∣∣∣∣∣∣∣
φ(1)−φ(t2)

2tφ′(t2)
1− t2

∣∣∣∣∣∣∣≤ c̄1.

Conditions AET2 and AET3 can be rewritten in a similar way and these forms show that the

functions belonging to this class of AET functions have transformations with growth propor-

tional to the identical function. Hence, we may call these functions AET functions with bounded

proportional growth rate.

Let the function f : (ξ,∞) → R be as:

f(t) := φ(1)−φ(t2)
tφ′(t2) , (2.1.1)

Using (2.1.1) we can reformulate the properties given in Definition 2.1.1.
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Proposition 2.1.1. (Proposition 2.1 in [58]) Let φ : (ξ2,∞) → R be a continuously differen-

tiable, invertible function, such that φ′(t) > 0 ∀t > ξ2, where 0 ≤ ξ < 1. Consider the function

f given in (2.1.1). The conditions given in Definition 2.1.1 can be formulated in the following

equivalent form:

AETa. ∃ c̄1 ∈ R+, such that g(t) = f(t)
2(1−t2) and |g(t)| ≤ c̄1, holds for all t > ξ;

AETb. ∃ c̄2 ∈ R+, such that h(t) = 4(1−t2−tf(t))
f(t)2 = 1−2tg(t)

(1−t2)g(t)2 and |h(t)| ≤ c̄2, holds for all t > ξ;

AETc. ∃ c̄3 ∈ R+ such that the inequality

tf(t)− c̄3
f(t)2

4 ≤ 1− t2 ≤ tf(t)+ f(t)2

4

holds for all t > ξ.

Proof. Considering the function f introduced in (2.1.1), it is easy to see that conditions AET1-3

can be reformulated as AETa-c.

Remark 2.1.2. (Remark 2.2 in [58]) The values of the parameters c̄1, c̄2 and c̄3 will have

influence on the well-definedness of the algorithm. For this, we will give a relation between

these parameters in Section 2.3.

We show some examples for φ belonging to our class of AET functions in Table 2.1.1 with

the value of ξ and the values c̄1, c̄2 and c̄3. Table 1.4.1 shows that almost all AET functions

that can be found in the literature belong to our class of AET. This shows that some of the

short-step IPAs proposed in the literature e.g. [7, 26] are special cases of our unified approach.

However, there is an exception, in case of the function φ(t) =
√

t
2(1+

√
t) , where condition AET3

is not satisfied.

It is important to mention the values we gave in Table 2.1.1 define a short-step IPA that

is well defined and for which we could prove the polynomial iteration complexity in the size

of the problem, handicap of the matrix, the starting point’s duality gap and in the accuracy

parameter. However, there are several other acceptable values for these parameters.
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Table 2.1.1: Examples for φ belonging to the new class of AET functions

φ(t) ξ c̄1 c̄2 c̄3

t 0.25 2 6 1
√
t 0 2 6 1

t−
√
t 0.7 2 6 1

t2 − t+
√
t 0 2 8 8

t2 +
√
t 0 2 6 8

Let us take into consideration the case of φ(t) = t. This function is not a member function

of our class of AET functions if ξ = 0, since AET1 would not be satisfied. This remark is similar

to the case of φ(t) = t−
√
t.

Remark 2.1.3. (Remark 2.4 in [58]) By using (2.1.1) and (1.5.2), we have

ψ′(t) = −f(t). (2.1.2)

Using (2.1.2) we can check whether the AET functions corresponding to kernel functions are

members of our class of AET functions. It is important to mention that for a function φ

from our class of AET functions we can easily check whether the corresponding kernel function

satisfies the conditions K1-3 from Definition 1.5.1 and EK1-4 from Definition 1.5.3.

We present an example of eligible kernel function for which the corresponding AET function

does not belong to our class.

Example 2.1.1. (Example 2.2 in [58]) Let us consider the function ψ(t) = 1
2

(
t− 1

t

)2
. It is

proven in [72] that it is an eligible kernel function. It is also a self-regular kernel function.

From (1.5.2) we get

f(t) = φ(1)−φ(t2)
tφ′(t2) = −ψ′(t) = 1

t3
− t.

After some calculation it is easy to see that this is equivalent to

φ(1)−φ(t2) =
( 1
t2

− t2
)
φ′(t2),
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therefore we have

φ′(t2) = t2

1− t4

(
φ(1)−φ(t2)

)
. (2.1.3)

It is easy to see that f(t) = 1
t3 − t does not satisfy condition AETb from Proposition 2.1.1. This

means that the AET function corresponding to this eligible kernel function is not a member of

our class of functions.

Example 2.1.2. From Table 2.1.1 we can see that φ(t) = t2 − t+
√
t is a member function of

our new class of AET functions, that has an inflection point. The corresponding kernel function

for this φ is not an eligible kernel function.

2.2 New short-step interior-point algorithm for solving

P∗(κ)-linear complementarity problems

Let us consider the (1.4.2), where aφ depends on a member function φ of our class of AET

functions.

In this case, consider the centrality measure δ : Rn
+ ×Rn

+ ×R+ → R∪{∞} as

δ(x,s;µ) := ∥pφ∥
2 , (2.2.1)

where pφ is given in (1.4.8).

Let us consider the τ -neighborhood as the following:

N2(τ,µ) := {(x,s) ∈ F+ : δ(x,s;µ) ≤ τ}, (2.2.2)

where δ(x,s;µ) is given in (2.2.1), µ > 0 is fixed and τ is a threshold parameter.

In Algorithm 1 we define a PD IPA for solving P∗(κ)-LCPs with a function φ as an input.
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Algorithm 1 : PD IPA for P∗(κ)-LCPs based on a new class of AETs [58]

Input:
Let φ be a function that satisfies the properties given in Definition 2.1.1;
Let ϵ > 0 be the accuracy parameter;
Let 0< θ < 1 be the update parameter ;
Let τ be the proximity parameter;
Assume a known upper bound κ of the handicap κ̂(M) is given;
Assume that for (x0,s0) we have

(
x0
)T

s0 = nµ0 with µ0 > 0, such that δ(x0,s0;µ0) ≤ τ ;
Suppose that v0 > ξe.

Iteration:
begin
k := 0;
while

(
xk
)T

sk > ϵ do
begin

(determination of the search directions)
compute (∆xk,∆sk) from (1.4.2) with φ from Definition 2.1.1;
let xk := xk +∆xk and sk := sk +∆sk, a full Newton-step update;
(update of the parameter µ)
µk+1 := (1− θ)µk;
k := k+1;

end
end

Remark 2.2.1. (Remark 3.1 in [58]) We will give a default value for τ and θ during the

complexity analysis of the Algorithm 1.

The complexity analysis of the Algorithm 1 is given in the next section.

2.3 Complexity analysis of Algorithm 1

First, let us denote vectors x+ = x + ∆x and s+ = s + ∆s. In the next lemma we prove the

strict feasibility of the full-Newton step.

Lemma 2.3.1. (Lemma 3.1 in [58]) Let (x,s) ∈ F+ be given, such that δ(x,s;µ)< 1√
1+4κ

and

v> ξe. Let φ be a function satisfying AET3 of Definition 2.1.1. Then, we have (x+, s+) ∈ F+.
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Proof. Using AET3 we have

4t2(φ(1)−φ(t2))φ′(t2)+
(
φ(1)−φ(t2)

)2
≥ 4t2(1− t2)

(
φ′(t2)

)2
, (2.3.1)

where t > ξ. For each 0 ≤ α ≤ 1 let us denote x(α) = x +α∆x and s(α) = s +α∆s. Then, we

have

x(α)s(α) = (x+α∆x)(s+α∆s) = xs+α(s∆x+x∆s)+α2∆x∆s

= µv2 +µvα(dx +ds)+α2µdxds

= µ((1−α)v2 +α(v2 +vpφ +αdxds)). (2.3.2)

We have to show that α(v2 + vpφ +αdxds) > 0. We have pφ = dx + ds. Let us denote qφ =

dx −ds. With these equations it is easy to see that we obtain

dxds =
p2

φ −q2
φ

4 . (2.3.3)

Using pφ given in (1.4.8) and (2.3.1) we have

vpφ +
p2

φ

4 ≥ e−v2, (2.3.4)

from this equation we get

v2 +vpφ ≥ e−
p2

φ

4 . (2.3.5)

Using (2.3.2), (2.3.3) and (2.3.5) we obtain

x(α)s(α)
µ

= (1−α)v2 +α

(
v2 +vpφ +α

p2
φ

4 −α
q2

φ

4

)

≥ (1−α)v2 +α

(
e− (1−α)

p2
φ

4 −α
q2

φ

4

)
.

From [25] we considered
∥∥∥qφ

∥∥∥ and obtained

∥∥∥qφ

∥∥∥≤
√

1+4κ
∥∥∥pφ

∥∥∥= 2
√

1+4κ δ. (2.3.6)
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Moreover, we have

∥∥∥∥∥(1−α)
p2

φ

4 −α
q2

φ

4

∥∥∥∥∥
∞

≤ (1−α)

∥∥∥pφ

∥∥∥2

4 +α

∥∥∥qφ

∥∥∥2

4

≤ (1−α)

∥∥∥pφ

∥∥∥2

4 +α(1+4κ)

∥∥∥pφ

∥∥∥2

4
= (1+4ακ)δ2 ≤ (1+4κ)δ2.

Therefore,
∥∥∥∥∥(1−α)

p2
φ

4 −α
q2

φ

4

∥∥∥∥∥
∞
< 1 holds if δ(x,s;µ) < 1√

1+4κ
is satisfied. Hence, for each

0 ≤ α ≤ 1 vector x(α)s(α) is strictly positive. This means that x(α) and s(α) do not change

sign on 0 ≤ α ≤ 1 and since x(0) = x > 0 and s(0) = s > 0, we obtain that x(1) = x+ > 0 and

s(1) = s+ > 0.

In the second lemma we prove the quadratic convergence of the full-Newton step.

Lemma 2.3.2. (Lemma 3.2 in [58]) Let (x,s) ∈ F+, v > ξe and v̄ =
√

x+s+

µ
be given and

suppose that δ(x,s;µ) <
√

1−ξ2

1+4κ . Let φ satisfy conditions AET1-3 of Definition 2.1.1 with

constants c̄1, c̄2 and c̄3 ∈ R+. Then, after a primal-dual Newton barrier step we have v̄ > ξe

and

δ(x+,s+;µ) ≤ c̄1(c̄2 +2+4κ)δ(x,s;µ)2.

Proof. From condition AETc of Proposition 2.1.1 and Lemma 5.6 in [12], we obtain

min(v̄) ≥
√

1− (1+4κ)δ2.

Using the above inequality and δ <

√
1−ξ2

1+4κ it can be seen that v̄ > ξe. Consider AETa and

AETb of Proposition 2.1.1 and from (2.2.1) we obtain

δ(x+,s+;µ) =
∥∥∥(e− v̄2)g(v̄)

∥∥∥ , (2.3.7)

where the function g is given in Proposition 2.1.1. Let us assume that ∃c̄1 ∈ R+, for which

|g(t)| ≤ c̄1 for all t > ξ, in this case we have

δ(x+,s+;µ) ≤ c̄1
∥∥∥e− v̄2

∥∥∥ . (2.3.8)
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Using (2.3.2) we have

∥∥∥e− v̄2
∥∥∥=

∥∥∥∥∥e− x+s+

µ

∥∥∥∥∥=
∥∥∥∥∥e−v2 −vpφ −

p2
φ

4 +
q2

φ

4

∥∥∥∥∥ . (2.3.9)

From condition AETb of Proposition 2.1.1 we obtain

e−v2 −vpφ = h(v)
p2

φ

4 . (2.3.10)

Furthermore, we obtain

∥∥∥e− v̄2
∥∥∥ ≤

∥∥∥e−v2 −vpφ

∥∥∥+
∥∥∥∥∥p2

φ

4

∥∥∥∥∥+
∥∥∥∥∥q2

v

4

∥∥∥∥∥≤ (2+ c̄2 +4κ)δ2. (2.3.11)

by using Lemma 5.4 from [25], (2.3.9) and (3.1.20).

Finally, using (2.3.8) and (3.1.21) we derive

δ(x+,s+;µ) ≤ c̄1(c̄2 +2+4κ)δ(x,s;µ)2,

which proves the lemma.

In Lemma 3.3 we gave an upper bound on the duality gap after a full-Newton step.

Lemma 2.3.3. (Lemma 3.3 in [58]) Let δ := δ(x,s;µ) and suppose that the vectors x+ and s+

are obtained using a full-Newton step, thus, x+ = x+∆x and s+ = s+∆s. Let φ be a function

satisfying AET3 of Definition 2.1.1 with c̄3 ∈ R+. Then, we have

(
x+
)T

s+ ≤ µ
(
n+(c̄3 +1)δ2

)
.

Proof. It is important to mention that we use only the first inequality of AET3 from Definition

2.1.1.

4t2(φ(1)−φ(t2))φ′(t2) − c̄3
(
φ(1)−φ(t2)

)2

≤ 4t2(1− t2)
(
φ′(t2)

)2
, (2.3.12)
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where t > ξ. Using (1.4.8) and (2.3.12) we obtain

vpφ − c̄3
p2

φ

4 ≤ e−v2. (2.3.13)

From (2.3.2) and (2.3.13) we have

1
µ

x+s+ = v2 +vpφ +dxds ≤ e+ c̄3
4 p2

φ +dxds.

After some calculations we derive

(
x+
)T

s+ = eT
(
x+s+

)
≤ µ

(
eT e+ c̄3

4 eT p2
φ +eT dxds

)
= µ

(
n+ c̄3

4
∥∥∥pφ

∥∥∥2
+dT

x ds

)
≤ µ

(
n+ c̄3δ

2 + δ2
)

= µ
(
n+(c̄3 +1)δ2

)
.

And finally, the last inequality holds, since

dT
x ds = ∥dx +ds∥2 −∥dx −ds∥2

4 ≤ ∥dx +ds∥2

4 =

∥∥∥pφ

∥∥∥2

4 ,

which proves the result.

In the following lemma we show the effect of the update of the parameter µ on the proximity

measure.

Lemma 2.3.4. (Lemma 3.4 in [58]) Let v > ξe and v+ =
√

x+s+
µ+ , where µ+ = (1 − θ)µ and

let η =
√

1− θ. Assume that δ = δ(x,s;µ) <
√

1−ξ2

1+4κ . Let φ be a function satisfying conditions

AET1-3 of Definition 2.1.1 with c̄1, c̄2 and c̄3 ∈ R+. Then, after a full-Newton step we have

v+ > ξe and

δ(x+,s+;µ+) ≤ c̄1
η2

(
θ
√
n+((c̄2 +2)+4κ)δ2

)
.

Proof. From Lemma 2.3.2 we know that v̄>ξe. Using this inequality and the fact that 0<θ< 1

we have v+ > ξe. Using AETa and AETb of Proposition 2.1.1 and the proximity measure given

in (2.2.1), we obtain

δ(x+,s+;µ+) =
∥∥∥(e− (v+)2)g(v+)

∥∥∥ .
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Using AETa of Proposition 2.1.1 we have

δ(x+,s+;µ+) ≤ c̄1
∥∥∥e− (v+)2

∥∥∥ . (2.3.14)

It can be seen that

∥∥∥e− (v+)2
∥∥∥ =

∥∥∥∥∥e− 1
η2

x+s+

µ

∥∥∥∥∥=
∥∥∥∥∥e− 1

η2

(
v2 +vpφ +

p2
φ

4 −
q2

φ

4

)∥∥∥∥∥
= 1

η2

∥∥∥∥∥η2e−
(

v2 +vpφ +
p2

φ

4 −
q2

φ

4

)∥∥∥∥∥
= 1

η2

∥∥∥∥∥−θe+e−v2 −vpφ −
p2

φ

4 +
q2

φ

4

∥∥∥∥∥ . (2.3.15)

Finally, using (3.1.20), (2.3.14), (2.3.15) and condition AETb of Proposition 2.1.1 we have

δ(x+,s+;µ+) ≤ c̄1
η2

(
∥θe∥+

∥∥∥e−v2 −vpφ

∥∥∥+
∥∥∥∥∥p2

φ

4

∥∥∥∥∥+
∥∥∥∥∥q2

φ

4

∥∥∥∥∥
)

(2.3.16)

≤ c̄1
η2

(
θ
√
n+((c̄2 +2)+4κ)δ2

)
,

which proves the lemma.

In Lemma 3.5 in [58] we gave exact values of parameters θ and τ and with those values it

is proven that the IPA, which is using a function from our class of AET functions as an input,

is well defined.

Lemma 2.3.5. (Lemma 3.5 in [58]) Let φ be a function satisfying AET1-3 of Definition 2.1.1.

Assume that n≥ 1, θ= 2
√

1−ξ2

25c̄2(2+κ)
√

n
and τ =

√
1−ξ2

2c̄2(2+κ) . Suppose that δ(x,s;µ) ≤ τ . If c̄1 ≤ 100c̄2−4
41c̄2+50

and c̄2 ≥ 6, then we have

δ(x+,s+;µ+) ≤ τ.

Hence, the PD IPA defined in Algorithm 1 is well defined.

Proof. First, consider τ =
√

1−ξ2

2c̄2(2+κ) and c̄2 ≥ 6> 1
2 . Then,

√
1−ξ2

2c̄2(2+κ) <
√

1−ξ2

2+κ <

√
1−ξ2

1+4κ <
1√

1+4κ
.

Using the previous inequality and assuming the conditions AET1-3 of Definition 2.1.1 are

satisfied, then using Lemma 2.3.1, we obtain that (x+,s+) ∈ F+.
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From Lemma 2.3.4, we get

δ(x+,s+;µ+) ≤ c̄1
η2

(
θ
√
n+((2+ c̄2)+4κ)δ2

)
. (2.3.17)

Let us examine the case where θ = 2
√

1−ξ2

25c̄2(2+κ)
√

n
and τ =

√
1−ξ2

2c̄2(2+κ) . It is easy to see that

θ
√
n=

2
√

1− ξ2

25c̄2(2+κ) = 4
25τ. (2.3.18)

Using n≥ 1 and κ≥ 0, we obtain

1
1− θ

≤ 1
1− 2

50c̄2

= 25c̄2
25c̄2 −1 . (2.3.19)

Furthermore, considering δ ≤ τ and from η =
√

1− θ, (2.3.17), (2.3.18), and (2.3.19), we have

δ(x+,s+;µ+) ≤ c̄1
25c̄2

25c̄2 −1

( 4
25τ +((2+ c̄2)+4κ)τ2

)
= c̄1

25c̄2
25c̄2 −1

( 4
25 +((2+ c̄2)+4κ)τ

)
τ. (2.3.20)

Finally, we have to show that δ(x+,s+;µ+) ≤ τ . We need to prove that

c̄1
25c̄2

25c̄2 −1

( 4
25 +((2+ c̄2)+4κ)τ

)
≤ 1. (2.3.21)

By using κ≥ 0 and δ ≤ τ ≤ 1
2c̄2(2+κ) we obtain

c̄1
25c̄2

25c̄2 −1

( 4
25 +((2+ c̄2)+4κ)τ

)
≤ c̄1

25
25c̄2 −1

(
4
25 + 2+ c̄2 +4κ

2c̄2(2+κ)

)

= c̄1
25c̄2

25c̄2 −1

(
4
25 + c̄2 −6

2c̄2(2+κ) + 4(2+κ)
2c̄2(2+κ)

)

≤ c̄1
25c̄2

25c̄2 −1

( 4
25 + c̄2 −6

4c̄2
+ 2
c̄2

)
= c̄1(41c̄2 +50)

100c̄2 −4 . (2.3.22)

Considering that c̄2 ≥ 6> 1
25 and c̄1 ≤ 100c̄2−4

41c̄2+50 , we get that δ(x+,s+;µ+) ≤ τ , which proves the

lemma.

Remark 2.3.1. (Remark 3.2 in [58]) It is important to note that c̄1 ≤ 100c̄2−4
41c̄2+50 and c̄2 ≥ 6 are

satisfied for the functions that we gave in Table 2.1.1.
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Finally, the last lemma gives an upper bound on the iteration number.

Lemma 2.3.6. (Lemma 3.6 in [58]) Let φ be a function satisfying AET1-3 of Definition 2.1.1.

Let n ≥ 1, θ = 2
√

1−ξ2

25c̄2(2+κ)
√

n
, τ =

√
1−ξ2

2c̄2(2+κ) , c̄1 ≤ 100c̄2−4
41c̄2+50 , c̄2 ≥ 6, and c̄3 ≤ 16c̄22 − 1. Assume that

the pair (x0,s0) ∈ F+, µ0 = (x0)T s0

n and δ(x0,s0;µ0) ≤ τ . Let xk and sk be the two vectors

obtained by the IPA given in Algorithm 1 after k iterations. Then,

k ≥
⌈

1
θ

log µ
0(n+1)
ε

⌉

implies (xk)T sk ≤ ε.

Proof. By using Lemma 2.3.3 and c̄3 ≤ 16c̄22 −1 we obtain

(
xk
)T

sk ≤ µk

(
n+(c̄3 +1) · 1

(2c̄2(2+κ))2

)

= (1− θ)kµ0
(
n+(c̄3 +1) · 1

(2c̄2(2+κ))2

)
≤ (1− θ)kµ0 (n+1) . (2.3.23)

It can be seen that condition (xk)T sk ≤ ε holds if

(1− θ)kµ0 (n+1) ≤ ε. (2.3.24)

Taking the logarithm of both sides of (2.3.24), we get

k log (1− θ)+ log
(
µ0 (n+1)

)
≤ logε.

Finally, taking into consideration that − log (1− θ) ≥ θ, we have

kθ ≥ log
(
µ0 (n+1)

)
− logε= log µ

0(n+1)
ε

,

this proves the last lemma.

Remark 2.3.2. (Remark 3.3 in [58]) For all AET functions given in Table 2.1.1 it is easy to

see that condition c̄3 ≤ 16c̄22 −1 is satisfied.
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Theorem 2.3.1. (Theorem 3.1 in [58]) Let φ be a function satisfying AET1-3 of Definition

2.1.1. Consider n≥ 1, θ= 2
√

1−ξ2

25c̄2(2+κ)
√

n
and τ =

√
1−ξ2

2c̄2(2+κ) . If c̄1 ≤ 100c̄2−4
41c̄2+50 , c̄2 ≥ 6 and c̄3 ≤ 16c̄22 −1,

then the IPA given in Algorithm 1 requires no more than

O
(

(2+κ)
√
n log (n+1)µ0

ϵ

)

iterations.

Corollary 2.3.1. (Corollary 3.1 in [58]) Let φ be a function satisfying AET1-3 of Definition

2.1.1. Consider n≥ 1, θ= 2
√

1−ξ2

25c̄2(2+κ)
√

n
and τ =

√
1−ξ2

2c̄2(2+κ) . If c̄1 ≤ 100c̄2−4
41c̄2+50 , c̄2 ≥ 6 and c̄3 ≤ 16c̄22 −1,

then the IPA given in Algorithm 1 has polynomial iteration complexity in the size of the problem,

in the starting point’s duality gap µ0, the accuracy parameter ε and in the parameter κ.

In the following chapter we present a new class of AET functions for PC IPAs for solving

P∗(κ)-LCPs. We present the PC IPA based on a special function belonging to the new class of

AET functions.
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Chapter 3

Predictor-corrector interior-point

algorithm based on a new class of AET

functions

In this chapter, we define a new class of AET functions for PC IPAs for solving P∗(κ)-LCPs and

we give the complexity analysis of the introduced PC IPA [60]. A function being member of the

new class of AET functions is an input data. We show that the PC IPA using any function of

the new class of AET functions has polynomial iteration complexity in the size of the problem,

starting point’s duality gap, accuracy parameter and in the parameter κ. Furthermore, in

Section 3.2 we show the main steps of the analysis for a special AET function belonging to the

new class of AET functions. This result can be found in [55, 59].

3.1 New predictor-corrector interior-point algorithm

In this section, we introduce the new class of AET functions that will be used as an input in

the PC IPA in case of P∗(κ)-LCPs.

3.1.1 New class of AET functions for predictor-corrector interior-

point algorithm

We define a class of AET functions as follows.
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Definition 3.1.1. (Definition 2.3 in [60]) Let φ : (ξ2,∞) → R be a continuously differentiable,

invertible function, such that φ′(t) > 0, ∀t > ξ2, where 0 ≤ ξ ≤ 1
2 . All functions φ satisfying

the following conditions belong to our class of AET functions. There exist the positive real

numbers c0 ≥ 1
4 , c1, c2, c > 0 such that

AET1.

c0
∣∣∣t(1− t)φ′(t2)

∣∣∣≤ ∣∣∣φ(1)−φ(t2)
∣∣∣≤ 2c1(1+ t)

∣∣∣t(1− t)φ′(t2)
∣∣∣

holds for all t > ξ,

AET2.

4t2φ′(t2)(φ(1)−φ(t2)) − c2(φ(1)−φ(t2))2 ≤ 4t2(1− t2)
(
φ′(t2)

)2

≤ 4t2φ′(t2)(φ(1)−φ(t2))+(φ(1)−φ(t2))2

holds for all t > ξ,

AET3.

lim
t→∞

φ(1)−φ(t2)
t2φ′(t2) = −c.

Remark 3.1.1. Note that conditions AET2 and AET3 in Definition 2.1.1 from Chapter 2 are

included in condition AET2 of Definition 3.1.1. The parameter c̄3 given in Chapter 2 is in this

case c2. The c̄1 from Chapter 2 is the same as c1 in Definition 3.1.1. Furthermore, we introduce

c3 = max{1, c2}.

Let us consider the function f that was defined in (2.1.1). Using (2.1.1) we can reformulate the

conditions from Definition 3.1.1.

Proposition 3.1.1. (Proposition 2.1 in [60]) Consider the function f given in (2.1.1). The

conditions given in Definition 3.1.1 can be formulated in the following way. There exist positive

constants c0 ≥ 1
4 , c1, c2, c > 0 such that

AETa. c0|1− t| ≤ |f(t)| ≤ 2c1|1− t2|, holds for all t > ξ,
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AETb. −c2 f(t)2

4 ≤ 1− t2 − tf(t) ≤ f(t)2

4 , holds for all t > ξ,

AETc. limt→∞
f(t)

t = −c.

Proof. It is easy to see that if we substitute (2.1.1) back into Definition 3.1.1 we obtain the

result after some calculations.

The next lemma helps to define the right hand side of the Newton system in case of the

predictor step.

Lemma 3.1.1. (Lemma 2.1 in [60]) Assume that x and s are the fixed current iterates. If

Condition AET3 of Definition 3.1.1 and AETc of Proposition 3.1.1 is satisfied, then

lim
µ→0+

aφ = −c xs.

Proof. Let us consider (1.4.8) and if we use condition AETc from Proposition 3.1.1 and ti =√
xisi

µ , i= 1, . . .n, we obtain

lim
ti→∞

φ(1)−φ(t2i )
t2iφ

′(t2i ) = lim
µ→0+

φ(1)−φ
(

xisi
µ

)
xisi

µ φ′
(

xisi
µ

) = lim
µ→0+

aφi

xisi
= −c,

this proves the lemma.

In order to reach a proper neighborhood of the central path, we first take a corrector step

and then a predictor one. These algorithms are called corrector-predictor IPAs, see Potra [89].

Since the corrector step is a full-Newton step, we determine the corrector search directions

from the system (1.4.2). This means that we have the scaled corrector system as (1.4.7), whose

solution is

dc
x = (I+M̄)−1pφ, dc

s = M̄(I+M̄)−1pφ.

Using this solution and (1.4.5), we calculate the Newton directions ∆cx and ∆cs. The new

points after a corrector step are

xc = x +∆cx, sc = s+∆cs. (3.1.1)
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In a predictor step we want to find the optimal solution in a greedy way. That is why we

set µ= 0 in aφ of system (1.4.2). We determine the predictor search directions by using system

(1.4.2). By setting µ= 0 in aφ and using Lemma 3.1.1, we get the following system:

−M∆px +∆ps = 0,

S∆px +X∆ps = −cxcsc. (3.1.2)

The scaled predictor system obtained from (3.1.2) is

−M̄+dp
x +dp

s = 0,

dp
x +dp

s = −cv+, (3.1.3)

where vc =
√

xcsc

µ , d+ =
√

xc

sc , D+ = diag(d+), M̄+ =D+MD+. System (3.1.3) has the solution:

dp
x = −cvc (I+M̄+)−1 and dp

s = −cvc M̄+(I+M̄+)−1.

It is easy to get the predictor search directions ∆px and ∆ps from this solution using (1.4.5).

The predictor iterate is then calculated as

xp = xc + θ∆px, sp = sc + θ∆ps, µp = (1− cθ)µ,

where θ ∈
(
0, 1

c4

)
, with c4 = max{1, c}. Parameter θ is called an update parameter.

In Table 3.1.1 we show some of the functions belonging to our class of AET functions that were

defined in Definition 3.1.1. Furthermore, we give the corresponding vectors aφ, pφ for these

functions and the values of c, respectively in Table 3.1.1.

Table 3.1.1: Functions belonging to the new class AET functions

φ aφ c pφ

φ(t) = t µe−xs 1 v−1 −v

φ(t) =
√
t 2(√µxs−xs) 2 2(e−v)

φ(t) = t−
√
t

√
µxs

2
√

xs−√
µe −xs 1 2(v−v2)

2v−e

φ(t) = t2 − t+
√
t

4µ2√
xs+2µxs

√
xs−3µxs√

µ

2(4xs
√

xs−2µ
√

xs+µ
√

µ) − xs
2

1
2

2(e−v)(e+v2 +v3)
4v3 −2v+e
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In the following subsection the new PC IPA for solving P∗(κ)-LCPs is presented.

3.1.2 New predictor-corrector interior-point algorithm for solving

P∗(κ)-linear complementarity problems
Consider the proximity measure defined in (2.2.1) and the τ -neighborhood of the central path

given in (2.2.2).

In Algorithm 2 we introduce the PC IPA for solving P∗(κ)-LCPs.

Algorithm 2 : PC IPA for P∗(κ)-LCPs based on a new class of AET functions [60]

Input:
Function φ satisfying the properties from Definition 3.1.1;
Accuracy parameter ϵ > 0;
Update parameter θ ∈

(
0, 1

c4

)
, with c4 = max{1, c};

Proximity parameter τ > 0;
A P∗(κ) matrix M with a known upper bound κ of the handicap κ̂(M);
Starting point (x0,s0) ∈ F+, satisfying δ(x0,s0;µ0) ≤ τ and v0 > ξe.

Iteration:
begin
k := 0;
while

(
xk
)T

sk > ϵ do begin
(corrector step)
compute (∆cxk,∆csk) from system (1.4.7) by using (1.4.5) with φ;
update (xc)k := xk +∆cxk and (sc)k := sk +∆csk;
(predictor step)
compute (∆pxk,∆psk) from system (3.1.3) by using (1.4.5);
update (xp)k := (xc)k + θ∆pxk and (sp)k := (sc)k + θ∆psk;
(update of the parameters and the iterates)
(µp)k := (1− cθ)µk;
xk+1 := (xp)k , sk+1 := (sp)k , µk+1 := (µp)k , k := k+1;
end

end.

In the next subsection we present the complexity analysis of the PC IPA.

3.1.3 Complexity analysis of the predictor-corrector interior-point

algorithm

First, we consider the analysis of the corrector step and after that we provide the analysis of

the predictor step.
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3.1.3.1 Corrector step

It is important to note again that the corrector step is a full-Newton step. This means that

the analysis of this part is similar to the one of the short-step IPA presented in Chapter 2.

Considering Lemma 2.3.1 we can prove the strict feasibility of the corrector step.

Lemma 3.1.2. (Lemma 3.1. in [58]) Let (x,s) ∈ F+ be given, such that δ(x,s;µ)< 1√
1+4κ

and

v> ξe. For any function satisfying AET2 of Definition 3.1.1, we have that (xc, sc) ∈ F+.

Based on Lemma 2.3.2 we can show the quadratic convergence of the corrector step.

Lemma 3.1.3. (Lemma 3.2. in [58]) Let (x,s) ∈ F+, v > ξe and vc =
√

xcsc

µ
be given and

suppose that δ(x,s;µ) <
√

1−ξ2

1+4κ . For any function φ satisfying AET1 and AET2 of Definition

3.1.1, it is shown after a full-Newton step we have vc > ξe and

δ(xc,sc;µ) ≤ c1(c3 +2+4κ)δ(x,s;µ)2,

where c1, c3 = max{1, c2} ∈ R+.

We give an upper bound on the duality gap.

Lemma 3.1.4. (Lemma 3.3. in [58]) Let δ := δ(x,s;µ) and suppose that the vectors xc and sc

are obtained using a full-Newton step, thus xc = x + ∆x and sc = s + ∆s. For any function φ

satisfying AET2 of Definition 3.1.1 with c2 ∈ R+, we have that

(xc)T sc ≤ µ
(
n+(c2 +1)δ2

)
.

In the next subsubsection we present some technical lemmas that will be important in the

analysis.

3.1.3.2 Technical lemmas

Let us consider the first lemma.

Lemma 3.1.5. (Lemma 3.4. in [60]) Let f be a function satisfying AETa from Proposition

3.1.1. Then,

c0∥e−v∥ ≤ ∥f(v)∥ ≤ 2c1∥e−v2∥.
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Proof. We have

∥f(v)∥ =
√√√√ n∑

i=1
(f(vi))2 ≥ c0

√√√√ n∑
i=1

(1−vi)2 = c0∥e−v∥,

on the other hand, we also have

∥f(v)∥ =
√√√√ n∑

i=1
(f(vi))2 ≤ 2c1

√√√√ n∑
i=1

(
1−v2

i

)2
= 2c1∥e−v2∥,

which proves the lemma.

We generalize Lemma 5.3. in [25] in the following technical lemma.

Lemma 3.1.6. (Lemma 3.5. in [60]) Consider a function φ from the new class of AET

functions given in Definition 3.1.1. Then,

∥dp
xdp

s∥ ≤
c2 n(1+2κ)

(
1+ 2

c0
δ+
)2

2 ,

where δ+ = δ(xc,sc;µ).

Proof. According to [25] (page 2641), we have

(1+4κ)
∑

i∈I+

dp
xi
dp

si
+
∑

i∈I−

dp
xi
dp

si
≥ 0, (3.1.4)

From the second equation of system (3.1.3) we obtain

∑
i∈I+

dp
xi
dp

si
≤ 1

4∥dp
x +dp

s∥2 = 1
4 ∥cvc∥2 . (3.1.5)

Using (3.1.4) and (3.1.5), we get

c2∥vc∥2 = ∥dp
x +dp

s∥2 = ∥dp
x∥2 +∥dp

s∥2 +2
∑

i∈I+

dp
xi
dp

si
+
∑

i∈I−

dp
xi
dp

si


≥ ∥dp

x∥2 +∥dp
s∥2 −8κ

∑
i∈I+

dp
xi
dp

si

≥ ∥dp
x∥2 +∥dp

s∥2 −2c2κ∥vc∥2.

39



Hence, we showed that ∥dp
x∥2 +∥dp

s∥2 ≤ c2 (1+2κ)∥vc∥2. Considering the calculations given in

[25] (page 2642), we have

∥vc∥ ≤
√
n(σ+ +1), (3.1.6)

where σ+ = ∥e−vc∥. Using Lemma 3.1.5 we obtain a lower bound on δ+ as the following

δ+ = 1
2 ∥pvc∥ = 1

2∥f(vc)∥ ≥ c0
2
∥∥∥e−v+

∥∥∥= c0
2 σ

+, (3.1.7)

where f is given in (2.1.1). Based on (3.1.6) and (3.1.7) we see that

∥vc∥ ≤
√
n
(

1+ 2
c0
δ+
)
. (3.1.8)

Finally, it can be seen that

∥dp
xdp

s∥ ≤ 1
2
(
∥dp

x∥2 +∥dp
s∥2

)
≤ c2

2 (1+2κ)∥vc∥2 ≤
c2 n(1+2κ)

(
1+ 2

c0
δ+
)2

2 .

This proves the lemma.

Next we analyse the predictor step.

3.1.3.3 Predictor step

First, let us consider the strict feasibility of the predictor step.

Lemma 3.1.7. (Lemma 3.6. in [60]) Let (xc,sc)> 0 and µ> 0 such that δ+ := δ(xc,sc;µ)< c0
2 .

Furthermore, let θ ∈
(
0, 1

c4

)
, where c4 = max{1, c}. Let xp = xc +θ∆px, sp = sc +θ∆ps be the

iterates after a predictor step. Then, for all functions φ satisfying the conditions given in

Definition 3.1.1, we have xp,sp > 0, if u(δ+, θ,n)> 0, where

u(δ+, θ,n) :=
(

1− 2
c0
δ+
)2

−
θ2c2 n(1+2κ)

(
1+ 2

c0
δ+
)2

2(1− cθ) . (3.1.9)

Proof. From (1.4.5), we get

xp(α) = x+

vc
(vc +α θ dp

x), xp(α) = s+

vc
(vc +α θ dp

s).
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Based on (5.17), page 2643 in [25] and considering the second equation of the system (3.1.3),

we obtain

xp(α)sp(α) = µ
(
(vc)2 +αθvc (−cvc)+α2 θ2 dp

xdp
s

)
= µ

(
(1− cαθ)(vc)2 +α2 θ2 dp

xdp
s

)
. (3.1.10)

Considering (3.1.10) and the ideas from [25], we have

min
(

xp(α)sp(α)
µ(1− cαθ)

)
= min

(
(vc)2 + α2θ2

1− cαθ
dp

xdp
s

)

≥ min
(

(vc)2 − α2θ2

1− cαθ
∥dp

xdp
s∥∞e

)

≥ min
(

(vc)2 − θ2

1− cθ
∥dp

xdp
s∥∞e

)
. (3.1.11)

It can be seen that

h(α) = α2θ2

1− cαθ

is a strictly monotone increasing function for 0 ≤ α ≤ 1 and for each fixed update parameter

θ ∈
(
0, 1

c4

)
, where c4 = max{1, c}. This shows that the last inequality holds. Using

|1−v+
i | ≤ ∥e−vc∥, ∀i= 1, . . . ,n

we obtain

1−σ+ ≤ v+
i ≤ 1+σ+, ∀i= 1, . . . ,n.

Considering (3.1.7) it can be seen that

min(vc)2 ≥ (1−σ+)2 ≥
(

1− 2
c0
δ+
)2
. (3.1.12)

According to Lemma 3.1.6, (3.1.12), and by applying ∥ · ∥∞ ≤ ∥ ·∥, we get

min
(

xp(α)sp(α)
µ(1− cαθ)

)
≥

(
1− 2

c0
δ+
)2

−
θ2c2 n(1+2κ)

(
1+ 2

c0
δ+
)2

2(1− cθ)
=: u(δ+, θ,n). (3.1.13)

If u(δ+, θ,n) > 0, we have xp(α)sp(α) > 0 for 0 ≤ α ≤ 1. This means that xp(α) and sp(α) do
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not change sign on 0 ≤ α ≤ 1. Therefore, we know that xp(0) = xc > 0 and sp(0) = sc > 0, so

xp(1) = xp > 0 and sp(1) = sp > 0 as well. This proves the lemma.

Let

vp =
√

xpsp

µp
, (3.1.14)

where µp = (1− cθ)µ. Considering α = 1 and (3.1.13), we obtain

min(vp)2 ≥ u(δ+, θ,n)> 0. (3.1.15)

Now, we show the quadratic convergence of the predictor step.

Lemma 3.1.8. (Lemma 3.7. in [60]) Consider a function φ belonging to the new class of AET

functions given in Definition 3.1.1. Furthermore, let δ+ := δ(xc,sc;µ) < c0
2 , u(δ+, θ,n) > ξ2,

v > ξe, µp = (1− cθ)µ, where θ ∈
(
0, 1

c4

)
, with c4 = max{1, c}, and let xp and sp denote the

iterates after a predictor step. Then, vp > ξe and

δp := δ(xp,sp;µp) ≤ c1((2+ c3)+4κ)δ2 + c1 c2nθ2

2(1− cθ) (1+2κ)
(

1+ 2
c0
δ+
)2
,

where δ := δ(x,s;µ) and c3 = max{1, c2}.

Proof. We have u(δ+, θ,n) > ξ2. Therefore, using Lemma 3.1.7 we obtain xp,sp > 0. From

(3.1.15), we get

min(vp) ≥
√
u(δ+, θ,n)> ξ.

With this we proved the first part of the lemma. From (1.4.8) we get

δp := ∥f(vp)∥
2 ≤ c1

∥∥∥e− (vp)2∥∥∥ , (3.1.16)

where we used (2.1.1) and the function φ that satisfies condition AETa from Proposition 3.1.1.

It is important to mention that considering Lemma 3.1.5, it can be seen that the last inequality

of (3.1.16) holds.

By using (3.1.10) we get

(vp)2 = (vc)2 + θ2

1− cθ
dp

xdp
s, (3.1.17)
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therefore

δp ≤ c1

∥∥∥∥∥e− (vc)2 − θ2

1− cθ
dp

xdp
s

∥∥∥∥∥
≤ c1

(∥∥∥e− (vc)2∥∥∥+ θ2

1− cθ
∥dp

xdp
s∥
)
. (3.1.18)

From (3.1.18) and using (5.25) from [25] we have

∥∥∥e− (vc)2∥∥∥≤ ∥e−v2 −vpφ∥+
∥∥∥∥∥p2

φ

4

∥∥∥∥∥+
∥∥∥∥∥q2

φ

4

∥∥∥∥∥ , (3.1.19)

where qφ = dc
x −dc

s and pφ = f(v). After further computations we get

∥∥∥e−v2 −vpφ

∥∥∥ =
∥∥∥e−v2 −vf(v)

∥∥∥≤ c3

∥∥∥∥∥p2
φ

4

∥∥∥∥∥ , (3.1.20)

where c3 = max{1, c2}. Considering AETb of Proposition 3.1.1 and a modification of Lemma

3.1.5, it can be seen that the last inequality holds. According to Lemma 5.4 from [25], (3.1.19)

and (3.1.20) we derive

∥∥∥e− (vc)2∥∥∥ ≤ (c3 +1)
∥∥∥∥∥p2

φ

4

∥∥∥∥∥+
∥∥∥∥∥q2

φ

4

∥∥∥∥∥≤ (1+ c3)
(

∥pφ∥
2

)2
+
(

∥qφ∥
2

)2

≤ ((2+ c3)+4κ)δ2. (3.1.21)

Finally, applying Lemma 3.1.6, (3.1.18) and (3.1.21) we obtain

δp ≤ c1((2+ c3)+4κ)δ2 + c1 c2nθ2

2(1− cθ) (1+2κ)
(

1+ 2
c0
δ+
)2
.

This proves the lemma.

At the end of this subsubsection we give an upper bound on the duality gap after a main

iteration.

Lemma 3.1.9. (Lemma 3.8. in [60]) Let φ be member of the new class of functions proposed in

Definition 3.1.1 and let θ ∈
(
0, 1

c4

)
, where c4 = max{1, c}. If xp and sp are the iterates obtained
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after the predictor step of Algorithm 2, then

(xp)T sp ≤
(

1− cθ+ c2θ2

2

)
(xc)T sc <

(
n+(c2 +1)δ2

)
µp

1− cθ
.

Proof. Consider α = 1 and (3.1.10). Then, from (3.1.14), we have

(xp)T sp = µpeT (vp)2 = µeT
(
(1− cθ)(vc)2 + θ2dp

xdp
s

)
= (1− cθ)(xc)T sc +µθ2 (dp

x)T dp
s. (3.1.22)

Furthermore, by using the proof of Lemma 5.7 from [25], we obtain

(xp)T sp ≤
(

1− cθ+ c2θ2

2

)
(xc)T sc. (3.1.23)

If θ ∈
(
0, 1

c4

)
, where c4 = max{1, c}, then we have

1− cθ+ c2θ2

2 < 1. (3.1.24)

Finally, based on (3.1.23), and (3.1.24), µp = (1− cθ)µ, and by Lemma 3.1.4 we obtain

(xp)T sp ≤
(

1− cθ+ c2θ2

2

)
(xc)T sc

< (xc)T sc ≤ µ
(
n+(c2 +1)δ2

)
=

(
n+(c2 +1)δ2

)
µp

1− cθ
.

This proves the lemma.

3.1.4 Iteration bound

In this subsection we prove that the algorithm is well defined. First, we have to show that

u(δ+, θ,n)> ξ2, where u(δ+, θ,n) is defined in (3.1.9). For this, let us use the following notation:

Q(τ) =

(
1− 1

c0
τ
)2

− ξ2(
1+ 1

c0
τ
)2 . (3.1.25)

It can be seen if ξ = 0, then Q(τ)> 0. On the other hand, if ξ > 0, it is important to show
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that τ < (1− ξ)c0 to have Q(τ)> 0.

Let us denote by

QL = θ2c2 n(1+2κ)
2(1− cθ) . (3.1.26)

Now, we prove that our PC IPA is well defined with the appropriate parameters τ and θ.

Lemma 3.1.10. (Lemma 4.1. in [60]) Let φ be a function from the new class of AET func-

tions given in Definition 3.1.1. Let 0 ≤ ξ ≤ 1
2 , τ =

√
1−ξ2

8rc5(c3+2+4κ) , where r ≥ 2, and 0 < θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
, where q ≥ 1, c > 0, c5 = max

{
1
4 , c1

}
and c3 = max{1, c2}. If (i) r ≤ 2q and

(ii) QL <Q(τ), then the PC IPA proposed in Algorithm 2 is well defined.

Proof. We prove that if 0 < θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
, then θ ∈

(
0, 1

c4

)
is satisfied, where c4 =

max{1, c}. From c5 ≥ 1
4 , c3 ≥ 1, 0< θ ≤

√
1−ξ2

16qc5c4(c3+2+4κ)
√

n
, n≥ 1, q ≥ 1, and κ≥ 0, we see that

θ ≤

√
1− ξ2

16qc5c4(c3 +2+4κ)
√
n
<

1
c4
. (3.1.27)

Moreover, we have to prove that u(δ+, θ,n)> 0. For this, we consider Lemma 3.1.7. First, let us

consider an upper bound for QL. By using the upper bound θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
, c1, c3 ≥ 1,

c5 ≥ c1 and κ≥ 0 we obtain
1

2(1− cθ) ≤ 6q
12q−1 . (3.1.28)

Moreover, it can be seen that

θ ≤

√
1− ξ2

16qc5c4(c3 +2+4κ)
√
n

≤ 1
16qcc5(1+2κ)

√
n
. (3.1.29)

According to (3.1.28) and (3.1.29), we have

QL = θ2c2 n(1+2κ)
2(1− cθ)

≤ c2n(1+2κ) 6q
12q−1

1
16qcc5(1+2κ)

√
n

√
1− ξ2

16qc5c(c3 +2+4κ)
√
n

<
3

4(12q−1)
r

q
τ. (3.1.30)

Finally, it can be seen that from (3.1.30), after some calculations we get c5QL <
3

4(12q−1)
r
qτ .
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Now, consider (x,s) ∈ F+ such that v > ξe and δ(x,s;µ) ≤ τ . In this case Lemma 3.1.3

can be considered since from τ =
√

1−ξ2

8rc5(c3+2+4κ) , where r ≥ 2 and using c5 ≥ 1
4 , c3 ≥ 1 we have

τ <

√
1−ξ2

1+4κ . Using Lemma 3.1.3 we obtain

δ+ := δ(xc,sc;µ) ≤ c1(c3 +2+4κ)δ(x,s;µ)2,

where c3 = max{1, c2} ∈ R+. Based on δ(x,s;µ) ≤ τ , r ≥ 2 and c1 ≤ c5, we have

δ+ ≤ c5(c3 +2+4κ)τ2 =

√
1− ξ2

8r τ ≤ 1
16τ. (3.1.31)

By using c5 ≥ 1
4 , c3 ≥ 1 and κ≥ 0 we get

δ+ ≤ c5(c3 +2+4κ)τ2 ≤ 1− ξ2

64r2c5(c3 +2+4κ) ≤ 1
48r2 . (3.1.32)

Furthermore, according to τ =
√

1−ξ2

8rc5(c3+2+4κ) , c1, c3 ≥ 1, c5 ≥ 1
4 , c0 ≥ 1

4 , r ≥ 2 and (3.1.31),

we derive

δ+ ≤ 1
16τ <

1
2τ ≤ 1

4r(3+4κ) <
1
24 <

c0
2 . (3.1.33)

This shows that τ < c0
2 . Considering ξ ≤ 1

2 , we get

τ <
c0
2 ≤ (1− ξ)c0.

Therefore, Q(τ)> 0. Now, we will prove u(δ+, θ,n)> 0. First, let us reconsider the function

u(δ+, θ,n) =
(

1− 2
c0
δ+
)2

−
θ2c2 n(1+2κ)

(
1+ 2

c0
δ+
)2

2(1− cθ) .

Following from (3.1.30) we get QL < 1. According to QL < 1 and (3.1.33) we obtain

δ+ ≤ 1
16τ <

c0
2 <

c0
2

1+QL

1−QL
. (3.1.34)

It is easy to see that this function is monotone decreasing with respect to δ+ in the interval
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(
0, c0

2
1+QL
1−QL

)
. Considering condition (ii) given in the lemma and (3.1.33) we have

u(δ+, θ,n)> u
(1

2τ,θ,n
)

=
(

1− 1
c0
τ
)2

−QL

(
1+ 1

c0
τ
)2
> ξ2 > 0. (3.1.35)

Therefore, we satisfied the condition u(δc, θ,n) > 0 from Lemma 3.1.7 and u(δc, θ,n) > ξ2

from Lemma 3.1.8.

Furthermore, using Lemma 3.1.8 and c1 ≤ c5, we have

δp ≤ c5((2+ c3)+4κ)δ2 + c5 c2nθ2

2(1− cθ) (1+2κ)
(

1+ 2
c0
δ+
)2
, (3.1.36)

where δ := δ(x,s;µ).

Based on (3.1.30), (3.1.32) and c0 ≥ 1
4 and c5QL <

3
4(12q−1)

r
qτ we obtain

c5QL

(
1+ 2

c0
δ+
)2

<
3

4(12q−1)
r

q

(
1+ 1

6r2

)2
τ. (3.1.37)

By using r ≥ 2, q ≥ 1 and r ≤ 2q we get

3
4(12q−1)

r

q

(
1+ 1

6r2

)2
≤ 3

44 ·2 · 252

242 <
15
16 . (3.1.38)

Finally, according to (3.1.31), (3.1.36), (3.1.37) and (3.1.38) we obtain

δp <
( 1

16 + 15
16

)
τ < τ. (3.1.39)

This means, that for a feasible solution for which δ(x,s;µ) ≤ τ , after a corrector and a predictor

step we obtain the predictor iteration (xp,sp) such as δp(xp,sp,µp)< τ .

In the next lemma we consider a sufficient condition for satisfying condition (ii) from Lemma

3.1.10.

Lemma 3.1.11. (Lemma 4.2. in [60]) Let φ be a function belonging to the AET class defined

in Definition 3.1.1. Consider 0 ≤ ξ ≤ 1
2 , τ =

√
1−ξ2

8rc5(c3+2+4κ) , r≥ 2, and 0< θ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
,

where q ≥ 1
2r, c5 = max{1

4 , c1}, c3 = max{1, c2}, and c4 = max{1, c} with c > 0. Consider Q(τ)

given in (3.1.25). If
1

16q2 <Q
( 1

6r

)
, (3.1.40)
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then condition (ii) of Lemma 3.1.10 is satisfied.

Proof. Let us consider (3.1.29), we get

1
2(1− cθ) < 1. (3.1.41)

By using the properties of the function φ, c5 ≥ 1
4 , and κ≥ 0, we get

QL = θ2c2 n(1+2κ)
2(1− cθ) < c2n(1+2κ) 1

256q2c2c25(1+2κ)2n
≤ 1

16q2 . (3.1.42)

Moreover, using τ =
√

1−ξ2

8rc5(c3+2+4κ) , c3 ≥ 1, c5 ≥ 1
4 , and κ≥ 0 we have

τ ≤ 1
6r . (3.1.43)

It is important to note that the function Q(τ) is strictly decreasing with respect to τ on(
0, c0(2−ξ2)

2

)
. On the other hand, if r ≥ 2 and c0 ≥ 1

4 , then we have 1
6r <

c0(2−ξ2)
2 . This means

that Q(τ) is also strictly decreasing with respect to τ on
(
0, 1

6r

]
. Therefore, according to

(3.1.43), we derive

Q(τ) ≥Q
( 1

6r

)
. (3.1.44)

Finally, based on (3.1.40), (3.1.41), (3.1.42) and (3.1.44) we see that

QL = θ2c2 n(1+2κ)
2(1− cθ) <

1
16q2 <Q

( 1
6r

)
≤Q(τ).

This proves the lemma.

With the next lemma we show that if condition (i) from Lemma 3.1.10 holds it implies that

condition (ii) from Lemma 3.1.10 is also fulfilled.

Lemma 3.1.12. (Lemma 4.3. in [60]) Let φ be a function belonging to the AET class defined

in Definition 3.1.1. Consider τ =
√

1−ξ2

8rc5(c3+2+4κ) , 0 ≤ ξ ≤ 1
2 , r≥ 2, and 0< θ≤

√
1−ξ2

16qc5c4(c3+2+4κ)
√

n
,

where q ≥ 1, c5 = max{1
4 , c1}, and c3 = max{1, c2}. Consider Q given in (3.1.25). If condition

(i) from Lemma 3.1.10 is satisfied, then condition (ii) from Lemma 3.1.10 also holds.
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Proof. Considering the following

g̃(r) = 5
4r

(
1+ 1

6rc0

)
√(

1− 1
6rc0

)2
− ξ2

,

it can be seen that this function is decreasing with respect to r. Hence, considering that c0 ≥ 1
4

and ξ ≤ 1
2 , for r ≥ 2 we get

g̃(r) ≤ g̃(2)< 2. (3.1.45)

Using (3.1.45) and condition (i) of Lemma 3.1.10 we obtain

1√
Q
(

1
6r

) < 8
5r < 4q.

Therefore, when condition (i) of Lemma 3.1.10 is satisfied, that means that (3.1.40) holds.

Based on Lemma 3.1.11, we derived that condition (ii) from Lemma 3.1.10 is also satisfied.

From Lemma 3.1.12 we can see that Algorithm 2 is well defined as well.

Corollary 3.1.1. (Corollary 4.4. in [60]) Let φ be a function belonging to the AET class

defined in Definition 3.1.1. Consider τ =
√

1−ξ2

8rc5(c3+2+4κ) , r ≥ 2, and 0 < θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
,

where q ≥ 1, c5 = max{1
4 , c1}, and c3 = max{1, c2}. If q ≥ 1

2r, then the PC IPA proposed in

Algorithm 2 is well defined.

Finally, in the last lemma of this section we show an upper bound on the iteration number.

Lemma 3.1.13. (Lemma 4.5. in [60]) Let φ be a function belonging to the AET class defined

in Definition 3.1.1. Consider τ =
√

1−ξ2

8rc5(c3+2+4κ) , r ≥ 2, and 0 < θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
, where

q ≥ 1
2r, c5 = max{1

4 , c1}, and c3 = max{1, c2}. Furthermore, let µ0 = (x0)T s0

n and δ(x0,s0;µ0) ≤

τ . Moreover, we denote by xk and sk the iterates obtained after k iterations of Algorithm 2.

Then,
(
xk
)T

sk ≤ ϵ when

k ≥ 1+


1
cθ

log
(37+ c2)

(
x0
)T

s0

36ϵ

 .
Proof. Using τ =

√
1−ξ2

8rc5(c3+2+4κ) , r ≥ 2, c5 ≥ 1
4 , c3 ≥ 1, n≥ 1, and κ≥ 0, we obtain

δ2 <
1

4(3+4κ)2 <
n

36 . (3.1.46)
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Based on Lemma 3.1.9, we get

(
xk
)T

sk <

(
n+(c2 +1)δ2

)
µk

1− cθ
<

(37+ c2)nµk

36(1− cθ) = 37+ c2
36 (1− cθ)k−1

(
x0
)T

s0.

It can be seen that if 37+c2
36 (1 − cθ)k−1

(
x0
)T

s0 < ϵ holds, then the inequality
(
xk
)T

sk ≤ ϵ is

satisfied as well. Let us take the logarithms of both sides, then we have

(k−1) log(1− cθ)+ log
(37+ c2)

(
x0
)T

s0

36 < log ϵ.

Based on the well-known inequality log(1+ θ) ≤ θ, θ ≥ −1, we obtain the following inequality

−cθ(k−1)+ log
(37+ c2)

(
x0
)T

s0

36 ≤ log ϵ,

which proves the lemma.

Finally, we summarize our analysis.

Theorem 3.1.1. (Theorem 4.6. in [60]) Let φ be a function belonging to the AET class defined

in Definition 3.1.1. Consider τ =
√

1−ξ2

8rc5(c3+2+4κ) , r ≥ 2, and 0 < θ ≤
√

1−ξ2

16qc5c4(c3+2+4κ)
√

n
, where

q ≥ 1
2r, c5 = max{1

4 , c1}, and c3 = max{1, c2}. Then, the PC IPA proposed in Algorithm 2 is

well defined and it performs at most

O
(

(c3 +2+4κ)
√
n log (37+ c2)nµ0

36ϵ

)

iterations. The output is a pair (x,s) satisfying xT s ≤ ϵ.

Proof. Considering Corollary 3.1.1 and Lemma 3.1.13 we get the result.

In the next section we consider a special case of this new class of AET functions, namely

φ(t) = t2 − t+
√
t, which has an inflection point.
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3.2 Predictor-corrector interior-point algorithm based on

an AET function having an inflection point

As we have already mentioned, in the literature, there are many IPAs that start with a corrector

step and then a predictor step because after a corrector step we reach a proper neighborhood

of the central path. In our case our algorithm performs similarly. It is important to mention

that the analysis of this section is presented in [59].

Our chosen AET function is φ(t) = t2 − t+
√
t, which is a member of the class of functions

defined in Definition 3.1.1. In this case, we have

aφ = µ
e− x2s2

µ2 + xs
µ −

√xs
µ

2xs
µ −e+ 1

2

√
µ
xs

=
4µ2√

xs+2µxs
√

xs−3µxs√
µ

2(4xs
√

xs−2µ
√

xs+µ
√
µ) − xs

2 . (3.2.1)

In the corrector step, we have the following pφ

pφ = e−v4 +v2 −v
2v3 −v+ 1

2e
= 2(e−v)(e+v2 +v3)

4v3 −2v+e
. (3.2.2)

For system (1.4.7) with (3.2.2) we obtain the following solution:

dc
x = (I+M̄)−1pφ, dc

s = M̄(I+M̄)−1pφ.

Using (1.4.5) it is easy to calculate the search directions ∆cx and ∆cs. The new corrector

iterates are

x+ = x +∆cx, s+ = s+∆cs.

In case of the predictor step, we introduced the scaled predictor system in (3.1.3) in Section

3.1. Taking into consideration the special case of φ(t) = t2 − t+
√
t we get the system

−M̄+dp
x +dp

s = 0,

dp
x +dp

s = −1
2 v+, (3.2.3)

where v+ =
√

x+s+
µ , d+ =

√
x+
s+ , D+ = diag(d+), M̄+ = D+MD+. The solution of the above

system is:

dp
x = −1

2 (I+M̄+)−1v+ and dp
s = −1

2 M̄+(I+M̄+)−1v+.
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From this solution using (1.4.5) it is easy to get the predictor search directions ∆px and ∆ps.

The new predictor iterates are:

xp = x+ + θ∆px, sp = s+ + θ∆ps, µp =
(

1− θ

2

)
µ,

where θ ∈ (0,1) is the update parameter.

The proximity measure is similar to the one that we introduced in 2.2.1 from Section 2.2,

but with considering the special AET function

δ(x,s,µ) = ∥pφ∥
2 =

∥∥∥∥∥(e−v)(e+v2 +v3)
4v3 −2v+e

∥∥∥∥∥ . (3.2.4)

The neighborhood is similar to the one given in 2.2.2.

The PC IPA for solving P∗(κ)-LCPs is given in Algorithm 3.

Now, let us present the complexity analysis of the proposed Algorithm 3.

3.2.1 Analysis of Algorithm 3

Let us consider the complexity analysis of the proposed PC IPA shown in Algorithm 3. First,

we examine the corrector step. Since this is a full-Newton step, this part is very similar to the

to the analysis of the IPA given in Algorithm 2, but in the special case of φ(t) = t2 − t+
√
t.

We list the lemmas and corollaries used in this case without proofs.

First, using Lemma 2.3.1 from Chapter 2 in the special case of φ(t) = t2 − t+
√
t, we get

the result regarding the strict feasibility of the corrector step.

Lemma 3.2.1. (Lemma 4.1 in [59]) Let (x,s) ∈ F+ be given, such that δ(x,s;µ)< 1√
1+4κ

. In

case of φ(t) = t2 − t+
√
t we have that (x+,s+) ∈ F+.

Considering Lemma 3.1.3 in the special case of φ(t) = t2 − t+
√
t, we obtain the quadratic

convergence of the corrector step.

Lemma 3.2.2. (Lemma 4.2 in [59]) Let (x,s) ∈ F+ be given, such that δ(x,s;µ) ≤ 1√
1+4κ

. In

case of φ(t) = t2 − t+
√
t we have that

δ(x+,s+;µ) ≤ 2(10+4κ)δ(x,s;µ)2.
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Algorithm 3 New PC IPA for P∗(κ)-LCPs [59]

Input:
Let ϵ > 0 be the accuracy parameter;
0< θ < 1 the update parameter;
τ the proximity parameter;
A known upper bound κ of the handicap κ̂(M) is given.
Assume that for (x0,s0) the

(
x0
)T

s0 = nµ0, µ0 > 0 holds such that δ(x0,s0;µ0) ≤ τ.
Iteration:

begin
k := 0;
while

(
xk
)T

sk > ϵ do begin

(corrector step)
compute (∆cxk,∆csk) from system (1.4.7) using (1.4.5);
update

(
x+
)k

:= xk +∆cxk and
(
s+
)k

:= sk +∆csk;

(predictor step)
compute (∆pxk,∆psk) from system (3.2.3) using (1.4.5);
update (xp)k :=

(
x+
)k

+ θ∆pxk and (sp)k :=
(
s+
)k

+ θ∆psk;

(update of the parameters and the iterates)
(µp)k =

(
1− θ

2

)
µk;

xk+1 := (xp)k , sk+1 := (sp)k , µk+1 := (µp)k ;
k := k+1;

end
end.

From Lemma 3.1.4 considering φ(t) = t2 − t+
√
t, we get an upper bound on the duality

gap.

Lemma 3.2.3. (Lemma 4.3 in [59]) Let δ := δ(x,s;µ) and suppose that the vectors x+ and

s+ are obtained using a full-Newton step, thus, x+ = x + ∆x and s+ = s + ∆s. In case of

φ(t) = t2 − t+
√
t we have (

x+
)T

s+ ≤ µ(n+9δ2).

Lemma 3.2.4. (Lemma 4.6 in [59]) Let φ(t) = t2 − t+
√
t. Then,

∥dp
xdp

s∥ ≤
n
(
1+ κ

2

)
(1+4δ+)2

2 ,

where δ+ = δ(x+,s+;µ) =
∥∥∥∥∥(e−v+)(e+(v+)2 +(v+)3)

4(v+)3 −2v+ +e

∥∥∥∥∥ .
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We show that after a predictor step we have strictly feasible iterates.

Lemma 3.2.5. (Lemma 4.7 in [59]) Let (x+,s+)> 0 and µ> 0 such that δ+ := δ(x+,s+;µ)< 1
4 .

Furthermore, let 0< θ < 1. Let xp = x+ +θ∆px, sp = s+ +θ∆ps be the iterates after a predictor

step. Then, in case of φ(t) = t2 − t+
√
t, we have xp,sp > 0 if u(δ+, θ,n)> 0, where

u(δ+, θ,n) := (1−4δ+)2 −
n
(
1+ κ

2

)
(1+4δ+)2 θ2

2− θ
.

Let

vp =
√

xpsp

µp
, (3.2.5)

where µp =
(
1− θ

2

)
µ. In the following lemma the effect of a predictor step and the update of µ

on the proximity measure is analysed.

Lemma 3.2.6. (Lemma 4.8 in [59]) Let φ(t) = t2 − t+
√
t, δ+ := δ(x+,s+;µ)< 1

4 ,

µp =
(
1− θ

2

)
µ, where 0 < θ < 1, and let xp and sp denote the iterates after a predictor step.

Then,

δp := δ(xp,sp;µp) ≤ 2(10+4κ)δ2 + 2θ2

2− θ
n
(

1+ κ

2

)
(1+4δ+)2,

where δ := δ(x,s;µ).

Next, let us consider the upper bound of the duality gap after a predictor step.

Lemma 3.2.7. (Lemma 4.9 in [59]) Let φ(t) = t2 − t+
√
t and 0< θ < 1. If xp and sp are the

iterates obtained after the predictor step of the algorithm, then

(xp)T sp ≤
(

1− θ

2 + θ2

8

)(
x+
)T

s+ <
2(n+9δ2)µp

2− θ
.

Finally, in the last lemma we provide a bound to the iteration number of the PC IPA.

Lemma 3.2.8. (Lemma 5.5 in [59]) Let φ(t) = t2 − t+
√
t, (x0,s0) ∈ F+, τ = 1

2r(10+4κ) , where

r≥ 2 and 0< θ≤ 1
q(10+4κ)

√
n

, where q ≥ 5
2r. Furthermore, let µ0 = (x0)T s0

n and δ(x0,s0;µ0) ≤ τ .

Moreover, let xk and sk be the iterates obtained after k iterations of Algorithm 3. Then,(
xk
)T

sk ≤ ϵ when

k ≥ 1+


2
θ

log
3
(
x0
)T

s0

2ϵ

 .
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We summarize these results and give a theoretical upper bound on the iteration complexity

in the last theorem.

Theorem 3.2.1. (Theorem 5.6 in [59]) Let φ(t) = t2 − t+
√
t, τ = 1

2r(10+4κ) , where r ≥ 2 and

0 < θ ≤ 1
q(10+4κ)

√
n

, where q ≥ 5
2r. Then, the PC IPA proposed in Algorithm 3 is well defined

and it performs at most

O
(

(10+4κ)
√
n log 3nµ0

2ϵ

)

iterations. The output is a pair (x,s) satisfying xT s ≤ ϵ.

The numerical results obtained by using Algorithm 3 are presented in Chapter 5.

In the following chapter we present a new PC IPA acting in a wide neighborhood of the

central path [57].
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Chapter 4

Predictor-corrector interior-point

algorithm acting in a wide

neighborhood of the central path

In this chapter, we introduce a new PC IPA that works in a wide neighborhood of the central

path [54, 57]. Throughout the whole chapter, we consider the AET function φ(t) =
√
t case in

the generalized wide neighborhood approach introduced in Section 4.1. In this way, we obtain

the first IPA, where not only the central path system is transformed, but the definition of the

neighborhood is also modified taking into consideration the AET approach. This gives a new

direction in the research of IPAs. We also present the complexity analysis of the PC IPA.

4.1 Generalized wide neighborhoods

In this section, we examine some of the already existing wide neighborhoods of the central

path in addition to our previously introduced generalized wide neighborhood [57]. Consider

(x,s) ∈ F . We define the normalized duality gap as follows

µ(x,s) := xT s
n
. (4.1.1)

Furthermore, we consider the following notation:

u := xs
µ(x,s) .
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We introduce a generalized form of the proximity measure:

δ−
∞,φ(x,s) :=

∥∥∥[φ(u)−φ(e)]−
∥∥∥

∞
.

Using the introduced proximity measure and considering the AET approach, we have the gen-

eralized wide neighborhood of the (CCPφ) as:

N −
∞,φ(α) := {(x,s) ∈ F+ : δ−

∞,φ(x,s) ≤ α}. (4.1.2)

Taking into consideration the case of φ(t) = t we obtain the wide neighborhood used by

Potra and Liu [88]:

N −
∞(α) := {(x,s) ∈ F+ : δ−

∞(x,s) ≤ α}. (4.1.3)

In [57] we presented another, generalized wide neighborhood for (CCPφ):

Dφ(β) := {(x,s) ∈ F+ : φ(u) ≥ βφ(e) , β ∈ (0,1)}. (4.1.4)

It can be seen that if we consider φ(t) = t, we get the wide neighborhood used by Potra and

Liu [88]:

D(β) := {(x,s) ∈ F+ : u ≥ βe}. (4.1.5)

In Lemma 3.1. in [57] we showed that which AET function can be used to define a gener-

alized wide neighborhood based on (4.1.4).

Lemma 4.1.1. (Lemma 3.1. in [57]) Let (x,s) ∈ F+ and α ∈ (0,1). Then, in the case of

φ(t) = t and φ(t) =
√
t we have N −

∞,φ(α) = Dφ(1 −α). In the case of φ(t) = t−
√
t we have

Dφ(1−α) ⊆ N −
∞,φ(α).

Proof. Let us consider the case of φ(t) = t:

(x,s) ∈ D(1−α) ⇐⇒ xs ≥ (1−α)µ(x,s)e = µ(x,s)e−αµ(x,s)e

⇐⇒ u−e ≥ −αe ⇐⇒
∥∥∥[u−e]−

∥∥∥
∞

≤ α

⇐⇒ (x,s) ∈ N −
∞(α).

57



Now, we extend it to the general case. It can be seen that

(x,s) ∈ N −
∞,φ(α) ⇐⇒

∥∥∥[φ(u)−φ(e)]−
∥∥∥

∞
≤ α

⇐⇒ φ(u)−φ(e) ≥ −αe ⇐⇒ φ(u) ≥ φ(e)−αe.

Moreover, we have

(x,s) ∈ Dφ(1−α) ⇐⇒ φ(u) ≥ (1−α)φ(e) = φ(e)−αφ(e).

This shows that φ(e) = e needs to be satisfied in order to get N −
∞,φ(α) = Dφ(1−α). Taking into

consideration the case of φ(t) =
√
t, we have φ(e) = e, therefore N −

∞,φ(α) = Dφ(1−α). On the

other hand, it can be seen that if φ(t) = t−
√
t we can only prove that Dφ(1−α) ⊆ N −

∞,φ(α).

Now let us introduce our PC IPA that works in the wide neighborhood of the central path.

4.2 New predictor-corrector interior-point algorithm

To obtain the Newton system, we use the function φ(t) =
√
t and substitute it into (1.4.2).We

obtain

−M∆x+∆s = 0,

s∆x+x∆s = 2(√µxs−xs) . (4.2.1)

As we have seen in Chapter 3 and [25], the predictor step is a greedy one. Hence, we set

µ= 0 and we obtain

−M∆px+∆ps = 0,

s∆px+x∆ps = −2xs,
(4.2.2)

where (∆px,∆ps) are the predictor search directions.

Let us take into account some of the results of Potra and Liu in [88]. Lemmas 3.2 and 3.3

from [88] play an important role in the following analysis.

Lemma 4.2.1. (Lemma 3.2 in [88]) Assume that we have a P∗(κ)-LCP and let (∆x,∆s) be
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the solution of the following linear system:

−M∆x +∆s = 0,

s∆x +x∆s = a,

where (∆x,∆s) ∈ R2n
+ and a ∈ Rn are given. Defining

K+ = {i : ∆xi∆si > 0} and K− = {i : ∆xi∆si < 0}

we have

1
1+4κ ∥∆x∆s∥∞ ≤

∑
i∈K+

∆xi∆si ≤ 1
4

∥∥∥∥(xs)− 1
2 a
∥∥∥∥2

2
. (4.2.3)

Lemma 4.2.2. (Lemma 3.3 in [88]) Assume that we have a P∗(κ)-LCP and let (∆x,∆s) be

the solution of the following linear system:

−M∆x +∆s = 0,

s∆x +x∆s = a,

where (∆x,∆s) ∈ R2n
+ and a ∈ Rn are given. Then, the following inequality holds:

∆xT ∆s ≥ −κ
∥∥∥∥(xs)− 1

2 a
∥∥∥∥2

2
. (4.2.4)

First, we analyse the predictor step of our PC IPA that works in the wide neighborhood of the

central path.

Let (x,s) ∈ N −
∞,φ(1−β), where β ∈ (0,1). Using system (4.2.2) we can compute the predictor

search directions (∆px,∆ps). Then, we can get the predictor iterate as

xp(α) = x +α∆px and sp(α) = s+α∆ps. (4.2.5)
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Considering (4.1.1) and (4.2.2) we obtain

xp(α)sp(α) = (1−2α)xs+α2∆px∆ps,

µp(α) = (1−2α)µ(x,s)+ α2∆pxT ∆ps
n

,

(4.2.6)

where µp(α) = µ(xp(α),sp(α)). Furthermore, we have −Mxp(α)+ sp(α) = q as well. We want

the step size α > 0 to satisfy the following

(xp(α),sp(α)) ∈ N −
∞,φ(1−β+βγ) = Dφ((1−γ)β),

where

γ = 1−β

5((1+4κ)n+1) . (4.2.7)

It is important to note that Potra and Liu in [88] used the parameter γ = 1−β
(1+4κ)n+1 . However,

based on our complexity analysis we chose (4.2.7) for our PC IPA based on the function

φ(t) =
√
t. It is important to mention that other values for parameter γ could satisfy the

complexity analysis as well.

We want to determine the largest α such that (xp(α),sp(α)) ∈ F+ that satisfies the following

inequality √√√√ xp(α)sp(α)
µ(xp(α),sp(α)) ≥ (1−γ)β e. (4.2.8)

Hence, we have
(x +α∆px)(s+α∆ps)
(x +α∆px)T (s+α∆ps) ≥ (1−γ)2β2

n
e. (4.2.9)

In order to assure that (xp(α),sp(α)) ∈ F+ we define αF = min{αx,αs}, where

αx = min
{

− xi

∆pxi
: ∆pxi < 0

}
and αs = min

{
− si

∆psi
: ∆psi < 0

}
.

It can be seen that αF > 0 is the largest step that ensures the feasibility of the new predictor

solution. Considering (4.2.9) we obtain further restrictions:

ãiα
2 − b̃iα+ c̃i ≥ 0, ∀i, (4.2.10)

where ãi = ∆pxi ∆psi − (1−γ)2β2µ(∆px,∆ps), b̃i = 2(xi si − (1−γ)2β2µ(x,s)), and c̃i = b̃i
2 , ∀i.
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Based on (x,s) ∈ Dφ(β) we get b̃i ≥ 0, ∀i. This means that α = 0 satisfy all inequalities.

After some calculations, we get that inequality (4.2.10) is satisfied if α ∈ (0,αpi], where

αpi =



∞, if ∆i≤0

1
2 , if ãi = 0

ζi, if ∆i>0 and ãi ̸=0,

(4.2.11)

where

∆i = b̃2i −4ãic̃i = b̃2i −2ãib̃i

and

ζi = b̃i −
√

∆i

2ãi
= b̃2i −∆i

2ãi(b̃i +
√

∆i)
= b̃i

b̃i +
√

∆i
= 1

1+
√

1−2 ãi

b̃i

.

Considering

αN = min{αpi : 1, . . . ,n} (4.2.12)

we have a predictor step length which ensures that the iterates after the predictor step stay in

the predictor neighborhood.

Finally, the step length α > 0 has to fulfill µp(α) > 0 as well. Considering (x,s) ∈ Dφ(β),

where β ∈ (0,1), we have vector u that is defined earlier as

u = xs
µ(x,s) and v = ∆px∆ps

µ(x,s) . (4.2.13)

Using Lemma 4.2.1 and Lemma 4.2.2 we have the following bounds for v

∥v∥∞ ≤ (1+4κ)n and −4κn≤ eT v ≤
∑

i∈I+

vi ≤ n. (4.2.14)

Based on µ(∆px,∆ps)
µ(x,s) = eT v

n and (4.2.6), for the quadratic equation defined by µp(α) = 0, we

have
eT v
n

α2 −2α+1 = 0, (4.2.15)

hence, the discriminant denoted by ∆µ is

∆µ = 4
(

1− eT v
n

)
.
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Taking into account (4.2.14), it can be seen that −4κ≤ eT v
n ≤ 1, which shows that ∆µ is always

nonnegative. Furthermore, the smallest positive root is:

α0 =
2−

√
4−4 eT v

n

2 eT v
n

= 1
1+

√
1− eT v

n

. (4.2.16)

This means that we have

µp(α)> µp(α0) = 0, for all 0 ≤ α < α0. (4.2.17)

Considering the previous statements, we can introduce the step length αp that fulfills all the

previously mentioned conditions, the interior point condition, the neighborhood condition, and

ensures decrease in the centrality parameter, as :

αp = min{αF ,αN ,α0}. (4.2.18)

Considering αF it can be seen that αF ≥ αN . Moreover, based on αp, we get

√
xp(α)sp(α) ≥ (1−γ)β

√
µp(α)> (1−γ)β

√
µp(αp) ≥ 0, (4.2.19)

where for all 0 ≤ α < αp. Taking into consideration the standard continuity argument we

obtain xp(α)> 0 and sp(α)> 0, ∀α ∈ (0,αp). Therefore (xp,sp) ∈ F+, where xp = xp(αp) and

sp = sp(αp).

Previous results are summarized in Lemma 4.3. in [57].

Lemma 4.2.3. (Lemma 4.3. [57]) Let (x,s) ∈ N −
∞,φ(1−β) = Dφ(β). Then, ∃αp > 0 predictor

steplength

(xp,sp) ∈ N −
∞,φ(1−β+βγ) = Dφ((1−γ)β)

holds, where β,γ ∈ (0,1) are given parameters.

It is important to note that computing the exact value of αp is time consuming in each

iteration. Hence, αp can be calculated by using the following optimization problem

ᾱp = sup{α̂ > 0 : (xp(α),sp(α)) ∈ N −
∞,φ(1−β+βγ),∀α ∈ [0, α̂]}. (4.2.20)
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It is important to note that we did not prove that αp and ᾱp are equal. We considered only an

α̂ from (4.2.20) that is a lower bound on the value αp and is based only on the values κ, n and

β. In that case we can use α̂ instead of αp.

First, we consider the following technical lemma.

Lemma 4.2.4. (Lemma 4.4. [57]) Let u = xs
µ(xs) , where (x,s) ∈ Dφ(β), β ∈ (0,1), and γ =

1−β
5((1+4κ)n+1) . Then, we have

ui − ((1−γ)β)2 ≥ β2 γ.

Proof. Let us consider (x,s) ∈ Dφ(β) as an input for the predictor step. Then we have

ui − ((1−γ)β)2 = ui −β2 +2β2γ−β2γ2 ≥ 2β2γ−β2γ2.

From this we obtain

2β2γ−β2γ2 ≥ β2γ, (4.2.21)

therefore, we have γ ≥ γ2. This holds for each γ < 1. Based on (4.2.7) and 0< β < 1 the proof

of the lemma follows.

In the next lemma, we calculate the lower bound α̂ of αp that is only based on the values κ, n

and β.

Lemma 4.2.5. (Lemma 4.5. [57]) Let (x,s) ∈ N −
∞,φ(1−β) = Dφ(β). Then,

αp > α̂,

where α̂ = β
√

1−β

5((1+4κ)n+2) .

Proof. From Lemma 4.2.4, we have

b̃i
µ(x,s) = 2(ui − ((1−γ)β)2) ≥ 2β2 γ > 0.

Using µ(∆px,∆ps)
µ(x,s) = eT v

n and (4.2.14), we obtain

− ãi

µ(x,s) = −vi +((1−γ)β)2 eT v
n

≤ ∥v∥∞ +((1−γ)β)2 ≤ ∥v∥∞ +1.
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Let ãi ̸= 0. Taking into account ui − ((1−γ)β)2 ≥ β2 γ > 0 and Lemmas 4.2.1 and 4.2.2, we get

the following

ζi = 1

1+
√

1+ −vi+((1−γ)β)2 eT v
n

ui−((1−γ)β)2

≥ 1

1+
√

1+ ∥v∥∞+1
β2 γ

≥ 1

1+
√

1+ (1+4κ)n+1
β2 γ

,

if the discriminant ∆i of the quadratic equation of (4.2.10) is positive. Based on (4.2.7) we

have the lower bound as the following

ζi ≥ β
√

1−β

β
√

1−β+
√
β2 (1−β)+5((1+4κ)n+1)2

.

The denominator of the previous fraction has the following upper bound

β
√

1−β+
√
β2(1−β)+5((1+4κ)n+1)2 ≤ 1

2 +
√

5((1+4κ)n+1)2 + 1
4

< 5((1+4κ)n+2),

where we used that β
√

1−β ≤ 1
2 . This shows that ζi is depending only on the parameters β, κ

and the problem size n

ζi > α̂ := β
√

1−β

5((1+4κ)n+2) . (4.2.22)

Taking into consideration the definition of µp(α), the quadratic equation µp(α) = 0 can be

written as (4.2.15) and the smallest root α0 as in (4.2.16). Since (4.2.14) holds, the smallest

root α0 satisfies the following lower bound

α0 = 1
1+

√
1− eT v

n

≥ 1
1+

√
1+4κ

> α̂. (4.2.23)

This proves that for the predictor step length we have αp > α̂.

In the next part of this subsection we deal with the corrector step. After the predictor step,

from (4.2.5), (4.2.12) and Lemma 4.2.3 we obtain

(xp,sp) = (xp(αp),sp(αp)) ∈ N −
∞,φ(1−β+βγ) = Dφ((1−γ)β). (4.2.24)

The iterates given in (4.2.24) will be the input of the corrector step. Based on system (4.2.1)
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we compute the corrector direction (∆cx,∆cs) from system:

−M∆cx+∆cs = 0,

sp∆cx+xp∆cs = 2
(√

µp xp sp −xp sp
)
, (4.2.25)

where

µp = µ(xp,sp) = (xp)T sp

n
. (4.2.26)

We have to calculate the corrector step length as the corrector step reaches the narrower,

corrector neighborhood of the central path. For reaching this neighborhood of the central path,

we have to solve the following optimization problem

αc := argmin{µc(α) : (xc(α),sc(α)) ∈ N −
∞,φ(1−β) = Dφ(β)}, (4.2.27)

where

µc(α) := µ(xc(α),sc(α)) = (xc(α))T sc(α)
n

(4.2.28)

and

xc(α) := xp +α∆cx, sc(α) := sp +α∆cs. (4.2.29)

However, it is enough to find such a step length ᾱ which ensures that in one step we get back

into the corrector neighborhood and gives enough decrease in the duality gap and that is

ᾱ := β

2((1+4κ)n+1) . (4.2.30)
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Algorithm 4 Predictor-corrector interior-point algorithm acting in a wide neighborhood of
the central path [57]
Input:

Given κ≥ κ̂(M), (x0,s0) ∈ N −
∞,φ(1−β), β ∈ (0,1)

Calculate γ = 1−β
5((1+4κ)n+1)

Let µ0 = µ(x0,s0) and k = 0
ε > 0 precision value.

While nµ≥ ε
(Predictor step);
x := xk, s := sk;
Step 1. Calculate the affine direction from (4.2.2);
Step 2. Calculate the predictor steplength using (4.2.18);
Step 3. Calculate (xp,sp) using (4.2.24);
If µ(xp,sp) = 0

STOP; Optimal solution found;
Else if(xp,sp) ∈ N −

∞,φ(1−β)
(xk+1,sk+1) = (xp,sp), µk+1 = µ(xp,sp), k = k+1, RETURN;

(Corrector step);
Step 4. Calculate centering direction from (4.2.25);
Step 5. Calculate centering steplength using (4.2.27);
Step 6. Calculate (xc,sc) using (4.2.39);
(xk+1,sk+1) = (xc,sc), µk+1 = µ(xc,sc), k = k+1, RETURN;

End
Output: (xk,sk) : (xk)T sk ≤ ε

Now, as presented in [57], we show a procedure to compute the corrector step length αc.

Considering (4.2.25) and (4.2.28) we obtain

xc(α)sc(α) = (1−2α)xpsp +2α
√
µpxpsp +α2∆cx∆cs. (4.2.31)

Moreover, based on the Cauchy-Schwartz inequality we derive from eT
√

xpsp ≤
√
n

√
eT xpsp.

Now using (4.2.29), we have

µc(α) = xc(α)T sc(α)
n

= (1−2α)µp +2αeT √
µpxpsp

n
+ α2∆cxT ∆cs

n

≤ (1−2α)µp +2α
√
µp

n

√
n

√
eT xpsp + α2∆cxT ∆cs

n
(4.2.32)

= (1−2α)µp +2αµp + α2∆cxT ∆cs
n

= µp + α2∆cxT ∆cs
n

=: µ̄c(α),

as well.
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From (4.2.5) and (4.2.26) we have

ū = xpsp

µp
, v̄ = ∆cx∆cs

µp
. (4.2.33)

Our goal is to satisfy the following:

√√√√xc(α)sc(α)
µc(α) ≥ β e. (4.2.34)

This can be written as

(xp +α∆cx)(sp +α∆cs) ≥ µc(α)β2 e. (4.2.35)

Considering (4.2.32) we get

µc(α) ≤ µ̄c(α). (4.2.36)

This shows that we need to satisfy only the following

(xp +α∆cx)(sp +α∆cs) ≥ µ̄c(α)β2e ≥ µc(α)β2e. (4.2.37)

We have to fulfill (xc(α),sc(α)) ∈ F+ as well. Using this we have αF = min{αx,αs}, where

αx = min
{

− xp
i

∆cxi
: ∆cxi < 0

}
and αs = min

{
− sp

i

∆csi
: ∆csi < 0

}
.

This shows that similarly to the predictor step, we have that αF > 0 is the largest step for

which the iterates after a corrector step are still feasible. Furthermore, it can be seen that any

α that satisfies (4.2.37) gives a lower bound on αF . Using (4.2.37), after some calculations, we

get the following:

âiα
2 + b̂iα+ ĉi ≥ 0, for all i, (4.2.38)

where âi = v̄i −β2 eT v̄
n , b̂i = 2

(√
ūi − ūi

)
and ĉi = ūi −β2. The discriminant of the quadratic

equation is ∆i = b̂2i −4 âi ĉi.

We have the smallest and the largest root of the quadratic equation, if ∆i ≥ 0 and âi ̸= 0

are satisfied, as

α−
i = −b̂i − sgn(âi)

√
∆i

2 âi
, and α+

i = −b̂i +sgn(âi)
√

∆i

2 âi
.
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Let us denote the solution set of the inequality (4.2.38) as Ti for each 1, . . . ,n. The Ti is given

below

Ti =



(−∞,∞), if ∆i<0, âi>0

(−∞,α−
i ]∪[α+

i ,∞), if ∆i≥0, âi>0

[α−
i ,α+

i ], if ∆i≥0, âi<0(
−∞,− ĉi

b̂i

]
, if âi=0, b̂i<0[

− ĉi
b̂i

,∞
)

, if âi=0, b̂i>0

(−∞,∞), if âi=0, b̂i=0.

It is important to note that the following holds

− ĉi

b̂i
= β2 − ūi

2
(√

ūi − ūi

) .
It can be seen that the inequality (4.2.34) holds ∀α ∈ T = ∩n

i=1Ti ∩Rn
⊕, except for T = ∅. We

will show in Theorem 4.3.1 that T ̸= ∅.

After each corrector step we have the new points as

(xc,sc) = (xc(αc),sc(αc)) ∈ N −
∞,φ(1−β) = Dφ(β), (4.2.39)

where xc(αc) = xp +αc∆cx and sc(αc) = sp +αc∆cs.

This shows that we have (xc,sc) ∈ N −
∞,φ(1−β) = Dφ(β). Hence, we set (x,s) := (xc,sc) and

start another predictor-corrector iteration.

Since, it is computationally very expensive to calculate the exact value of αc, we use another

ᾱ ∈ T such that µc(αc) ≤ µc(ᾱ). We show in Theorem 4.3.1 that ᾱ guarantees a large enough

decrease in the duality gap. It is important to mention that it is not necessary to solve either

optimization problem given in (4.2.20) or in (4.2.27). However, by solving those optimization

problems we can ensure that our step lenght does not depend on the value κ.

Finally, in the following subsection we show the analysis of Algorithm 4.
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4.3 Analysis of the algorithm

In Section 4.2 we proved the feasibility of the predictor and corrector step. In Theorem 5.1. in

[57] we gave the size of the decrease of the central path parameter at each iteration.

Theorem 4.3.1. (Theorem 5.1. in [57]) Let n≥ 2 and β ∈ (0,1). Then, the PC IPA given in

Algorithm 4 using the function φ(t) =
√
t in the AET technique is well defined and

µk+1 ≤
(

1− (1−β)β
20((1+4κ)n+2)

)
µk, k = 0,1 . . .

Proof. As an input for the kth iteration of Algorithm 4 we have (xk,sk) := (x,s) ∈ Dφ(β) and

µk := µ(x,s). After we get the Newton-directions from system (4.2.2) and calculate step length

αp, we get (xp,sp) ∈ Dφ((1 −γ)β) by using Lemma 4.2.3. Moreover, we get a lower bound on

αp by using Lemma 4.2.5, hence, we obtain

√
xp(α)sp(α) ≥ (1−γ)β

√
µp(α)> (1−γ)β

√
µp(αp) ≥ 0,

where αp > α̂. Based on (4.2.14) we get eT v
n ≤ 1, which means that we have (∆px)T ∆ps ≤

µ(x,s)n. Considering (4.2.6) if αp > α̂, the following holds:

µp = µ(αp)< µ(α̂) ≤
(
(1−2 α̂)+ α̂2

)
µ(x,s) = (1− (2− α̂) α̂)µ(x,s). (4.3.1)

Let us assume that n≥ 2, κ > 0 and from (4.2.22), we derive

2− α̂ = 2− β
√

1−β

5((1+4κ)n+2) ≥ 2− β
√

1−β

20 ≥ 2− 1
40 = 79

40 .

Therefore, we obtain

µp ≤
(

1− 79β
√

1−β

200((1+4κ)n+2)

)
µ(x,s). (4.3.2)

Let us analyse the corrector step. First, we have (xp,sp) ∈ N −
∞,φ(1−β+βγ) = Dφ((1−γ)β),

hence,
√

ū =
√√√√xpsp

µp
≥ (1−γ)β e ⇐⇒ eT

√
ū ≥ (1−γ)βn.
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Considering Lemma 4.2.1 with a = 2(√µpxpsp −xpsp) we obtain

1
1+4κ ∥∆cx∆cs∥∞ ≤

∑
i∈I+

∆cxi ∆csi ≤ µp

∥∥∥e−
√

ū
∥∥∥2

2
. (4.3.3)

Moreover, we have

∥∥∥e−
√

ū
∥∥∥2

2
= (e−

√
ū)T (e−

√
ū) = (n−2eT

√
ū +eT ū) ≤ 2(1− (1−γ)β)n := ξ̄ n,

where

ξ̄ = 2(1− (1−γ)β). (4.3.4)

Based on (4.3.3) and (4.3.4) we obtain

∥∆cx∆cs∥∞ ≤ (1+4κ) ξ̄ nµp,
∑

i∈I+

∆cxi ∆csi ≤ ξ̄ nµp. (4.3.5)

This shows that ∥v̄∥∞ ≤ (1+4κ) ξ̄ n. Considering (4.2.31) we get

xc(α)sc(α)
µp

= (1−2α) ū +2α
√

ū +α2 v̄

≥
(
(1−2α)((1−γ)β)2 +2α (1−γ)β−α2 (1+4κ) ξ̄ n

)
e

=
(
((1−γ)β)2 +α (1−γ)β ξ̄−α2 (1+4κ) ξ̄ n

)
e. (4.3.6)

By using (4.2.32) and (4.3.5) we get

µc(α) ≤
(

1+α2 eT v̄
n

)
µp ≤

(
1+α2 ξ̄

)
µp. (4.3.7)

From (4.3.6) and (4.3.7) we obtain

xc(α)sc(α)−β2µc(α)e
µp

≥ ĝ(α)e, (4.3.8)

where

ĝ(α) := −γ β2 (2−γ)+αξ̄ ((1−γ)β)− ξ̄
(
β2 +(1+4κ)n

)
α2. (4.3.9)
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It can be seen that (4.3.9) is equivalent to ĝ(α) = aĝα
2 + bĝα+ cĝ, where

aĝ := −ξ̄
(
β2 +(1+4κ)n

)
< 0, bĝ := ξ̄ ((1−γ)β)> 0,

and

cĝ := −γ β2 (2−γ)< 0.

Based on (4.2.7) we have

ξ̄ = 2 (1−β)(β+5((1+4κ)n+1))
5((1+4κ)n+1) .

Furthermore, from (4.2.7) and using the definition of ξ̄, the parameters aĝ, bĝ and cĝ can be

calculated as

cĝ = −β2 (1−β)(10((1+4κ)n+1)+β−1)
25((1+4κ)n+1)2 ,

bĝ = 2β (1−β)(β+5((1+4κ)n+1))(β−1+5((1+4κ)n+1))
25((1+4κ)n+1)2

and

aĝ = −2(1−β)(β+5((1+4κ)n+1))(β2 +(1+4κ)n)
5((1+4κ)n+1) .

It can be seen that our goal is to find those parameters β,γ for which ĝ(α) ≥ 0. Let us simplify

the search by fixing

ᾱ := β

2((1+4κ)n+1) (4.3.10)

and with that we calculate the parameter β. It is easy to see that ĝ(ᾱ) ≥ 0 is equivalent to

ĝ(ᾱ) := β2 (1−β)
((1+4κ)n+1)3 ḡ(ᾱ) ≥ 0

for some β ∈ (0,1). We get the following:

ḡ(ᾱ) = − 1
10 (β+5((1+4κ)n+1))(β2 +(1+4κ)n)

+ 1
25(β+5((1+4κ)n+1))(β−1+5((1+4κ)n+1))

− 1
25 (β−1+10((1+4κ)n+1))((1+4κ)n+1) .
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After some calculations, we obtain

f̂(β) := ḡ(ᾱ) =
(

−β3

10 − 23β2

50 + 8β
25 + 11

25

)
+(

−β2

2 + 13β
50 + 27

50

)
(1+4κ)n+ 1

10 (1+4κ)2n2.

We would like to find all β ∈ (0,1) that satisfy f̂(β) ≥ 0. We have to solve the following

system of nonlinear inequalities to have a sufficient condition for f̂(β) ≥ 0:

−β3

10 − 23β2

50 + 8β
25 + 11

25 ≥ 0,

−β2

2 + 13β
50 + 27

50 ≥ 0.

It can be seen after some calculations that both of the inequalities hold for β ∈ (0,1). This

shows that the inequality f̂(β) ≥ 0 holds for β ∈ (0,1). Moreover, this shows as well that ᾱ ∈ T ,

hence T ̸= ∅. Therefore, the analysis of the corrector step is completed.

Finally, let us consider the case where ᾱ is given, β ∈ (0,1) and n ≥ 2. Moreover, let us

consider that at the beginning of the kth iteration we have (xk,sk) ∈ Dφ(β) with µk, and we

calculate the new iterate (xp,sp) with µp in the predictor step.

Let us assume that n≥ 2 and by using (4.3.7) we get

µc = µc(αc) ≤ µc(ᾱ) = µc

(
β

2((1+4κ)n+1)

)

≤
(

1+ β2(1−β)(5((1+4κ)n+1)+β)
10((1+4κ)n+1)3

)
µp.

We have 5((1+4κ)n+1)+β
10((1+4κ)n+1) = 1

2 + β
10((1+4κ)n+1) ≤ 2

3 , hence, we obtain

µc ≤
(

1+ 2β2(1−β)
3((1+4κ)n+1)2

)
µp <

(
1+ 2β(1−β)

3((1+4κ)n+1)2

)
µp. (4.3.11)

From (4.3.2) and (4.3.11) and using that 79
200 − 2

3(1+4κ)n ≥ 37
600 >

1
20 holds, where n≥ 2, we get
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µc ≤
(

1− 79β
√

1−β

200((1+4κ)n+2)

)(
1+ 2β(1−β)

3((1+4κ)n+1)2

)
µ

≤
(

1− 79β(1−β)
200((1+4κ)n+2)

)(
1+ 2β(1−β)

3(1+4κ)n((1+4κ)n+2)

)
µ

≤
(

1− 79β(1−β)
200((1+4κ)n+2) + 2β(1−β)

3(1+4κ)n((1+4κ)n+2)

)
µ

≤
(

1−
(

79
200 − 2

3(1+4κ)n

)
β(1−β)

((1+4κ)n+2)

)
µ

≤
(

1− (1−β)β
20((1+4κ)n+2)

)
µ. (4.3.12)

Finally, if we denote by µ= µ(xk,sk) = µk and µk+1 = µc, we get the desired result.

Finally, we showed in Corollary 5.2. in [57] a direct consequence of Theorem 4.3.1.

Corollary 4.3.1. (Corollary 5.2. in [57]) Let n≥ 2 and β ∈ (0,1). Then, Algorithm 4 produces

an iterate (xk,sk) ∈ N −
∞,φ(1−β) with xksk ≤ ϵ in at most

O

(1+κ)n log


(
x0
)T

s0

ϵ




iterations.

It is important to note that (4.2.7) depends on the handicap parameter κ ≥ κ̂(M). It is

computationally expensive to determine an upper bound for the handicap κ̂(M) in case of

many applications, see [33, 81, 102]. In Section 4.4 we present our PC IPA that works in a wide

neighborhood of the central path and does not depend on the handicap κ̂(M) of the matrix.

4.4 Modification of the predictor-corrector interior-point

algorithm

First, it is important to mention that, in this case, if Algorithm 4 can not produce corrector

points (xc,sc) in (k+ 1)th iteration such that (xc,sc) ∈ N −
∞,φ(1 −β) = Dφ(β) with φ(t) =

√
t,

then we double the value of κ and restart Algorithm 4 from points (xk,sk) ∈ Dφ(β). We choose

to do this because it is most likely that the value κ is too small. Finally, we note that we have
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to double the value of κ at most ⌈log2 κ̂(M)⌉ times. In Algorithm 5 a modified PC IPA is

presented.

Algorithm 5 Modified predictor-corrector interior-point algorithm [57]
Input:

(x0,s0) ∈ N −
∞,φ(1−β), β ∈ (0,1);

Set κ= 1
Let µ0 = µ(x0,s0) and k = 0
ε > 0 precision value.

While nµ≥ ε
(Predictor step);
x := xk, s := sk;
Step 1. Calculate affine direction from (4.2.2);
Step 2. Calculate the predictor steplength using (4.2.18);
Step 3. Calculate (xp,sp);
If µ(xp,sp) = 0

STOP; Optimal solution found;
Else if (xp,sp) ∈ N −

∞,φ(1−β)
(xk+1,sk+1) = (xp,sp), µk+1 = µ(xp,sp), k = k+1, RETURN;

(Corrector step);
Step 4. Calculate centering direction from (4.2.25);
Step 5. Calculate centering steplength using (4.2.27);
Step 6. Calculate (xc,sc);
If (xc,sc) ∈ N −

∞,φ(1−β)
(xk+1,sk+1) = (xc,sc), µk+1 = µ(xc,sc), k = k+1, RETURN;

Else
κ= 2κ; (xk+1,sk+1) = (xk,sk), µk+1 = µ(xk,sk), k = k+1, RETURN;

End
Output: (xk,sk) : xkT sk ≤ ε

In the following theorem the complexity result is provided for Algorithm 5.

Theorem 4.4.1. (Lemma 6.1. in [57]) Algorithm 5 produces an iterate (xk,sk) ∈ N −
∞,φ(1−β)

with xksk ≤ ϵ in at most O
(

(1+ κ̂(M))n log
(

(x0)T s0

ϵ

))
iterations.

Proof. Let κ̄ be the largest value of κ used in Algorithm 5. Then, it can be seen that

κ̄ < 2κ̂(M). Let us take into account that at iteration k of Algorithm 5 we get κ < κ̂(M).

If (xc,sc) ∈ N −
∞,φ(1 −β), then (xk+1,sk+1) = (xc,sc). Considering that in case of κ = κ̂(M),

Lemmas 4.2.1 and 4.2.2 are fulfilled and that the bound on the predictor step size is based on

the parameter γ that is decreasing in κ, we have

µk+1 ≤
(

1− (1−β)β
20((1+4κ̂(M))n+2)

)
µk ≤

(
1− (1−β)β

20((1+8κ̂(M))n+2)

)
µk.
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Moreover, if κ ≥ κ̂(M), then the corrector step is never rejected. This means that based on

Theorem 4.3.1 and the fact that κ≤ κ̄ < 2κ̂(M), we get

µk+1 ≤
(

1− (1−β)β
20((1+4κ)n+2)

)
µk ≤

(
1− (1−β)β

20((1+8κ̂(M))n+2)

)
µk.

By taking into account that at most log2(κ̄) rejections can occur, the lemma is proven.

Finally, in the next chapter we present the numerical results obtained by using the new PD

and PC IPAs presented in this thesis.
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Chapter 5

Numerical results

In this chapter, we present a solver for solving sufficient LCPs. We developed the implemented

versions of Algorithms 1-4. We will show the differences between the theoretical and imple-

mented versions of the PD and PC IPAs. All computations were made on a desktop computer

with an Intel quad-core 3.3 GHz processor and 32 GB RAM.

First, we present the method we used to determine the search directions in the implementa-

tion. It is important to mention that the calculation of the Newton directions, the step length,

the verification of feasibility, and even the neighborhoods are different in the implementation

than in the theory.

5.1 Calculating Newton directions

In this section, the calculation of the Newton directions is presented. First, it is shown how the

Newton directions are calculated in theory. After that, their practical calculation method is

presented. Throughout this section, let M ′ be a general 2n×2n matrix and x′ be an arbitrary

vector.

In theory, from Newton system (1.4.2), we get the Newton directions as

∆x = (S+XM)−1aφ,

∆s = M(S+XM)−1aφ, (5.1.1)

where aφ is given in (1.4.3). In practice, it is very expensive to calculate the inverse of a matrix.

Furthermore, it is unstable, as numerical problems frequently occur when the matrix is nearly
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singular.

Considering the following system,

M ′x′ = a′,

where a′ is arbitrary, one of the easiest ways to solve this problem is to decompose the matrix

into a lower (L) and an upper (U) triangular matrix. In this case, we have to solve

M ′x′ = (L ·U)x′ = a′. (5.1.2)

Using the notation y′ = Ux′, we have

Ly′ = a′, (5.1.3)

and
Ux′ = y′. (5.1.4)

From system (5.1.3) and (5.1.4) we obtain x′.

Several techniques are known for the decomposition of a matrix. It is well known that for

positive semidefinite matrices, the best decomposition method is the Cholesky-decomposition.

However, for solving LCPs, Cholesky-decomposition is out of question, since the matrices ap-

pearing in LCPs are more general. In the implementation, we tried two of these types of

decompositions. We used LU and QR decompositions in our solver.

5.1.1 Algebraically equivalent Newton systems

Note that (1.4.2) can be written as

 −M I

S X

(∆x
∆s

)
=
(

0
aφ

)
. (5.1.5)

Considering (5.1.2), we have

M′x′ = LUx′ = q′,

where M′ =

 −M I

S X

, q′ =
(

0
aφ

)
and x′ =

(
∆x
∆s

)
. Using LU or QR decomposition, we have

the desired result.
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Expressing ∆s from the first equation of (1.4.2) we obtain

∆s = M∆x, S∆x+X∆s = aφ.

From this we have

(S+XM)∆x = aφ. (5.1.6)

Using (5.1.2), we have

M′x′ = LUx′ = q′,

where M′ = (S+XM), q′ = aφ and x′ = ∆x. With LU or QR decomposition we get ∆x. Finally,

we obtain ∆s by ∆s = M∆x.

Multiplying (5.1.6) by X−1 from the right, we obtain

(X−1S+M)∆x = X−1aφ. (5.1.7)

It is important to mention that in this case, after some iterations we do not multiply the matrix

M by small numbers that came from the matrix X.

Considering (5.1.2), we have

M′x′ = LUx′ = q′,

where M′ = (X−1S+M), q′ = X−1aφ and x′ = ∆x. We get ∆x by using LU or QR decomposi-

tion. Finally, we get ∆s from ∆s = M∆x.

We used system (5.1.5) for solving LCPs, but in some cases (5.1.7) showed better results.

Because of this, in the general case we solved the system which has X−1S + M as coefficient

matrix.

In the case of the kernel functions, we worked with the scaled Newton systems, so we

mention the implementation of that case as well in this section.

The scaled 2n×2n system is based on (1.4.5) and it is the following:

 −M̄ I

I I

(dx

ds

)
=
(

0
pφ

)
, (5.1.8)
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where M̄ is given in (1.4.7), dx,ds in (1.4.5) and pφ in (1.4.8). If we consider (5.1.2), we have

M′x′ = LUx′ = q′,

where M′ =

 −M̄ I

I I

, q′ =
(

0
pφ

)
and x′ =

(
dx
ds

)
. Using LU or QR decomposition, we get

(
dx
ds

)
, and then it is an easy computation to get ∆x and ∆s.

In the case of PD IPAs, we solve one of the four Newton systems (5.1.5), (5.1.6), (5.1.7) or

(5.1.8). After calculating the Newton directions we use them for calculating the new points in

each iteration. We calculate the Newton directions similarly in the case of PC IPAs, but for

both of the predictor and the corrector steps in each iteration. For the predictor step, we set

µ= 0 in the corresponding Newton system.

We used the ALGLIB library of C++ for getting solutions of these systems. The functions

we used from this library are rmatrixlu(), rmatrixqr() and rmatrixsolve(). We chose to use

this library because it calculates LU, QR and solves linear equation systems really fast in large

cases as well. Furthermore, we tested its precision with Frobenius-norm and maximum norm

as well, and it had a 10−17 precision in both cases.

5.2 Step length

In this section, two ways of calculation of the step length are discussed.

It is important to mention that in theory, the step length is α= 1 in case of Algorithm 1 and 2.

However, in practice we calculate the step length α ∈ (0,1) in a different way. Note that in the

case of LCPs the calculation of the handicap might be exponential, and we will show that there

is a strong connection between the value of κ and the step length. The detailed explanation

can be found in Paragraph 5.5.1.1.1.

In practice we have α< 1 in most of the cases. We calculate α by using ratio test in practice

in the following way:

αx = max
∆xi<0

− xi

∆xi
, αs = max

∆si<0
− si

∆si
.

With this method, we get αx and αs which are the maximum values without violating the

non-negativity criteria of x and s.
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Taking the minimum of αx and αs guarantees that the new points have nonnegative coordinates:

αq = min{αx,αs}.

However, in some cases, αq > 1. In this case, the points might get far from the central path,

although in some cases choosing a threshold where we truncate αq gives a faster convergence

to the optimal solution.

Finally, it is important to mention that in each problem if the step length is αq, after some

iterations the new points can get stuck at one of the corners of the polyhedron. We multiply

αq by the decrease parameter σ ∈ (0,1). Based on our experience, in case of the problems that

have the matrix with size of at most 200, σ = 0.9999 is a satisfying choice.

In the case of the PC IPA that works in a wide neighborhood of the central path, we made

a more conservative step length calculation. In the predictor step we used (4.2.11), while in

the corrector step we used (4.2.27) to determine the step length. It is important to mention

that in the case of the corrector step we used the following method for getting the satisfactory

step length. We started with α = 0.1 and we increased α by 0.1 in each step if the new point

with the current value of α would be in the neighborhood Dφ(β) defined in (5.3.2). If the new

point was outside of neighborhood Dφ(β), we set α= α−0.1 and we used it for calculating the

points after the corrector steps. We tried to refine α by increasing it by 0.01 in each step after

getting α= α−0.1, however we got the same iteration number for our PC IPA, while the CPU

time increased a lot.

5.3 Neighborhood, feasibility

In this section, the types of neighborhoods and the verification of the feasibility of the points

is discussed.

5.3.1 Neighborhood

We considered two types of neighborhoods of the central path. The first one is the small

neighborhood mentioned in Chapter 2 and Chapter 3. The other one is the generalized Potra-

type wide neighborhood showed in Chapter 4.

The implemented small neighborhood for the PD IPA [26] and for the PC IPA [25] is the
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following:

N2(τ,µ) :=
{

(x,s) ∈ F+ :
∥∥∥∥∥ aφ

2√
µxs

∥∥∥∥∥≤ τ

}
, (5.3.1)

where τ ∈ (0,1) and φ is a function satisfying conditions that were given in Definitions 2.1.1 or

3.1.1.

The implemented generalized Potra-type wide neighborhood for the PC IPA [57] is the following:

Dφ(β) := {(x,s) ∈ F+ : φ(u) ≥ βφ(e)}. (5.3.2)

Both τ and β are parameter options for the implemented solver.

If, with the implemented step length, we do not remain in the neighborhood, then we use

a halving method to calculate a good enough α for which we remain in the corresponding

neighborhood. The halving method has similarities to the method mentioned earlier in this

chapter, however, in this case, we have a starting lower bound and upper bound for α and

we calculate the point ατ between the lower and upper bound. If the new points calculated

with ατ are in the τ neighborhood, we increase the lower bound to ατ . If they are not in the

corresponding neighborhood, we decrease the upper bound to ατ . After that, we calculate the

new ατ again. We continue this method until the difference between the upper bound and the

lower bound is less than 10−3. We tried to set smaller difference than 10−3, though the CPU

time significantly increased.

5.3.2 Feasibility

It is important to mention that in theory, in each iteration the feasibility condition, that

is −Mx + s = q, should be satisfied. However, in practice we calculate the residual vector

−Mx + s − q = rq. This vector rq has really small values. In the implementation we use this

vector in the right hand side of the Newton system (5.1.5):

 −M I

S X

(∆x
∆s

)
=
(

−rq

aφ

)
. (5.3.3)

From system (5.1.7) we get

(X−1S+M)∆x = X−1aφ + rq. (5.3.4)
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Finally, using system (5.1.8) we have

 −M̄ I

I I

(dx

ds

)
=
(

− 1√
µDrq

pφ

)
, (5.3.5)

where M̄ is given in (1.4.7), dx,ds in (1.4.5), D in (1.4.7) and pφ in (1.4.8). With this method,

we achieve more precision in the calculations, although we mostly do not use it, since in terms

of iteration numbers we did not get better results. However, we have a parameter to switch

between using rq in the corresponding part of the right hand side vector or not. Note that we

accounted the feasibility of the iterates by calculating ∥rq∥∞.

5.4 Differences between theoretical and implemented IPAs

In this section, we show the three types of IPAs that were implemented. First of all, it is

important to mention again that calculating the real handicap κ would be NP-hard [16], this

is why we calculate the local κ in each iteration in the following way:

κ(∆x) = −1
4

(∆x)T M∆x∑
i∈I+(∆x) ∆xi(M∆x)i

, (5.4.1)

where I+(∆x) = {1 ≤ i ≤ n : xi(Mx)i > 0}. This means we calculate κ with respect to the

Newton direction ∆x in each step of the algorithm.

Table 5.4.1 shows the implemented AET functions.

φ aφ pφ

φ1(t) = t µe−xs v−1 −v

φ2(t) =
√
t 2(√µxs−xs) 2(e−v)

φ3(t) = t2 − t+
√
t

4µ2√
xs+2µxs

√
xs−3µxs√

µ

2(4xs
√

xs−2µ
√

xs+µ
√

µ) − xs
2

2(e−v4+v2−v)
4v3−2v+e

Table 5.4.1: The effect of different AETs on the right hand sides of the Newton- and scaled
Newton-systems.

Note that these are members of the classes of AET functions defined in Definitions 2.1.1 and

3.1.1.
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However, in our implementation we used a kernel function as well, to have a comparison. We

used the following kernel function

ψp,σ(t) = tp+1 −1
p+1 + eσ(1−t)−1

σ
, p ∈ [0,1], σ ≥ 1. (5.4.2)

From this, we have

f(t) = −ψ′
p,q(t) = eσ(1−t) − tp. (5.4.3)

Finally, after substitution we consider:

pφ = f(v) = eσ(e−v) −vp. (5.4.4)

In the case of the parametric kernel function given in (5.4.2) we have

aφ = µ

√
xs
µ
e

σ
(

e−
√

xs
µ

)
−µ

(√
xs
µ

)p+1
. (5.4.5)

It should be mentioned that we can get PC algorithm only in the case when p= 1. In this case,

we have c= 1, so we have −xs as the right-hand side of system (3.1.3).
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First, consider the implementation of Algorithm 1. In this case, we present the obtained

numerical results.

Algorithm 6 : Implemented PD IPA based on a new class of AETs

Input:
a function φ that satisfies the conditions given in Definition 2.1.1;
accuracy parameter: ε = 10−5;
update parameter: θ = 0.999;
proximity parameter: τ = 1;
reducing parameter: σ = 0.9999;
strictly feasible starting points (x0,s0), µ0 > 0, such that δ(x0,s0;µ0) ≤ τ ;
sufficient matrix M ∈ Rn×n and vector q ∈ Rn.

Iteration:
begin

x := x0, s := s0, µ := µ0;
while nµ ≥ ε

µ := (1−θ)µ;
Calculate ∆x and ∆s from (5.1.7), (5.1.8) using (3.1.3) and Table 5.4.1

with LU-decomposition or QR decompositon (rmatrixlu(),rmatrixqr(),rmatrixsolve());
Calculate κ(∆x) with (5.4.1);
αxh

:= {− xi
∆xi

: ∆xi < 0} and αsh
:= {− si

∆si
: ∆si < 0};

αh := σ ·min{αxh
,αsh

};
α := min{αh,3.0};
x+ := x+α∆x and s+ := s+α∆s;
∥rq∥∞ :=

∥∥−Mx+ +s+ −q
∥∥

∞;

v+ :=
√

x+s+
µ and δ(x+,s+;µ) :=

∥∥pφ+
∥∥

2;
if δ(x+,s+;µ) > τ

"Not in the τ neighborhood."
if δ(x+,s+;µ+) > 2 · τ

"Not in its own τ neighborhood."
µ := µ+ := (x+)T s+

n ;
end

end.
Output (x,s): nµ < ε

After presenting the algorithm for the implemented PD IPA, we present the implemented

version of Algorithm 2.
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Algorithm 7 : Implemented PC IPA based on a new class of AETs

Input:
a function φ that satisfies the conditions given in Definition 3.1.1;
accuracy parameter: ε = 10−5;
update parameter: θ = 0.999;
proximity parameter: τ = 1;
reducing parameter: σ = 0.9999;
strictly feasible starting points (x0,s0), µ0 > 0, such that δ(x0,s0;µ0) ≤ τ ;
sufficient matrix M ∈ Rn×n and vector q ∈ Rn.

Input:
begin

x := x0, s := s0, µ := µ0;
while nµ ≥ ε

µ := (1−θ)µ;
(predictor step)
Calculate ∆x and ∆s from (5.1.7), (5.1.8) using (3.1.3) and Table 5.4.1

with LU-decomposition or QR decompositon (rmatrixlu(),rmatrixqr(),rmatrixsolve());
Calculate κ(∆x) with (5.4.1);
αxh

:= {− xi
∆xi

: ∆xi < 0} and αsh
:= {− si

∆si
: ∆si < 0};

αh := σ ·min{αxh
,αsh

};
α := min{αh,3.0};
x+ := x+α∆x and s+ := s+α∆s;
∥rq∥∞ :=

∥∥−Mx+ +s+ −q
∥∥

∞;

v+ :=
√

x+s+
µ ;

δ(x+,s+;µ) :=
∥∥pφ+

∥∥
2;

if δ(x+,s+;µ) > τ
"Not in the τ neighborhood."

if δ(x+,s+;µ+) > 2 · τ
"Not in its own τ neighborhood."

µ := µ+ := (x+)T s+

n ;
(corrector step)
Calculate ∆x and ∆s from (5.1.7), (5.1.8) with

LU-decomposition or QR decompositon (rmatrixlu(),rmatrixqr(),rmatrixsolve());
Calculate the κ(∆x) with (5.4.1);
αxh

:= {− xi
∆xi

: ∆xi < 0} and αsh
:= {− si

∆si
: ∆si < 0};

αh := σ ·min{αxh
,αsh

};
α := min{αh,3.0};
x+ := x+α∆x and s+ := s+α∆s;
∥rq∥∞ :=

∥∥−Mx+ +s+ −q
∥∥

∞;

v+ :=
√

x+s+
µ ;

δ(x+,s+;µ) :=
∥∥pφ+

∥∥
2;

if δ(x+,s+;µ) > τ
"Not in the τ neighborhood."

if δ(x+,s+;µ+) > 2 · τ
"Not in its own τ neighborhood."

µ := µ+ := (x+)T s+

n ;
end

end.
Output (x,s): nµ < ε

Finally, consider the implementation of Algorithm 4.
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Algorithm 8 : Implemented PC IPA acting in a wide neighborhood of the central path

Input:
(x0,s0) ∈ Dφ(β), β ∈ (0,1);
set κ = 1 and µ0 = µ(x0,s0);
set precision valueε > 0;
sufficient matrix M ∈ Rn×n and vector q ∈ Rn.

Iteration:
begin

x := x0, s := s0, µ := µ0 and k = 0;
while nµ ≥ ε

(predictor step)
Calculate affine direction from (4.2.2) using (5.1.7)

with LU-decomposition or QR decompositon (rmatrixlu(),rmatrixqr(),rmatrixsolve());
Calculate κ(∆x) with (5.4.1);
Calculate the predictor steplength using (4.2.11);
Calculate (xp,sp);
if µ(xp,sp) = 0

STOP; Optimal solution found;
end
if (xp,sp) ∈ Dφ(β)

(xk+1,sk+1) = (xp,sp), µk+1 = µ(xp,sp), k = k +1, go to (predictor step);
end
(corrector step)
Calculate centering direction from (4.2.25) using (5.1.7)

with LU-decomposition or QR decompositon (rmatrixlu(),rmatrixqr(),rmatrixsolve());
Calculate κ(∆x) with (5.4.1);
Calculate centering steplenght using (4.2.27);
Calculate (xc,sc);
if (xc,sc) ∈ Dφ(β)

(xk+1,sk+1) = (xc,sc), µk+1 = µ(xc,sc), k = k +1;
end
else

κ = 2κ;
(xk+1,sk+1) = (xk,sk), µk+1 = µk;

end
end

end.
Output (xk,sk) : xkT sk ≤ ε

In the following section, we present the obtained numerical results.

5.5 Numerical results

We implemented Algorithms 6, 7, and 8 in the C++ programming language. Due to the fact

that in many cases we do not have information about the value of κ, in our implementation we

used algorithms that do not depend on the handicap. We set the values θ= 0.999 and ϵ= 10−5.
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Moreover, it should be mentioned that most of the numerical results related to P∗(κ)-LCPs

are related to problems where the value of κ is zero, which lead to LO problems. Gurtuna et

al. [44] and Asadi et al. [11] provided numerical results related to P∗(κ)-LCPs having positive

handicap, by considering 2 × 2 or 3 × 3 matrices. They also analysed block diagonal matrices

formed from the aforementioned ones. Darvay et al. [25] presented numerical results where

they solved P∗(κ)-LCPs with matrices having positive κ generated by Illés and Morapitiye [52].

5.5.1 Numerical results based on the Csizmadia matrix

Let us consider the following matrix that is called the Csizmadia matrix

M =



1 0 0 · · · 0

−1 1 0 · · · 0

−1 −1 1 · · · 0
... ... ... . . . ...

−1 −1 −1 · · · 1


, (5.5.1)

where M ∈ Rn×n. In [33], the authors, E.-Nagy and de Klerk proved that the handicap of this

matrix is exponential in the size of the problem. Furthermore, E.-Nagy et al. [81] showed that

in this case κ̂(M) = 22n−8 − 0.25. However, we obtained promising numerical results in this

case, as well.

We generated 10 problems of each size of 10, 30, 50, 70, 100 with random starting point pairs

(x,s) based on the matrix (5.5.1). The right-hand side vector of these problems is computed as

q = −Mx + s. Based on the starting points, the number of the problems that were generated

can be found in Table 5.5.1.

We present promising results in the case of IPAs for solving LCPs with the matrix (5.5.1)

that can be found on the website [100].

In the case of Algorithms 6 and 7, we have the same interpretation for most of the results, so

the following explanations hold for both the PD IPAs and PC IPAs working in small neighbor-

hood of the central path. However, there are some differences that will be explained in detail
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in Subsubsection 5.5.1.1 and 5.5.1.2.
XXXXXXXXXXXXXXXXXX
values of s

values of x
[0,1]n [0,10]n [0,100]n [9,11]n [9900,11000]n

[0,1]n 50 0 0 50 0

[0,10]n 0 50 0 0 0

[0,100]n 0 0 50 0 50

[9,11]n 50 0 0 0 0

[9900,11000]n 0 0 50 0 0

Table 5.5.1: Testing data generated from (5.5.1).

We defined Algorithms 6 and 7 by using member functions of our classes of AET functions

from Chapter 2 and Chapter 3. Furthermore, we compared our results with Algorithms 6 and

7, that were based on a kernel function. Our results are based on three AET functions and a

kernel function for both type of IPAs. We compared Algorithms 6 and 7 based on the AET

functions φ1, φ2 and φ3 from Table 5.4.1 with Algorithms 6 and 7 based on kernel function

ψp,σ(t) = tp+1−1
p+1 + eσ(1−t)−1

σ , p ∈ [0,1], σ ≥ 1, see [43, 107], respectively. In our implementation,

we used ψ1,5.

5.5.1.1 Primal-dual interior-point algorithm

It is important to highlight that the results we got with Algorithm 6 show exactly the same

experiences for the problems as we mentioned in the case of Algorithm 7. These experiences are

based on the starting points of the problem. If the values of x are similar or significantly larger

than the valuse of s, the iteration numbers significantly increase with respect to the difference

between the two vectors, while in the opposite case the iteration numbers are almost constant

or slightly increase in the size of the matrix. In the case of ψp,σ(t) with p= 1.0 and σ = 5, we

obtained similar results with the PD IPA as with Algorithm 6 based on the functions φ1, φ2,

φ3. However, by using ψp,σ with p= 0.2 and σ = 5, we obtained significantly worse results than

with Algorithm 6 using the mentioned AET functions. It is important to mention that in the

case of Tables 5.5.2 and 5.5.4, we had to decrease the reducing parameter to σ = 0.95, since

otherwise the algorithm failed to produce xT s< ε. Furthermore, it can be seen in practice that

Algorithm 6 perform worse than Algorithm 7 in all cases. Points may overlap in figures.
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PPPPPPPPPPPPPP
IPA

Problems
x,s ∈ [0,1]100 x,s ∈ [0,10]100 x,s ∈ [0,100]100

φ1(t) 59.4 63.1 61.5

φ2(t) 61.4 65.8 64.4

φ3(t) 61.2 65.2 63.4

ψ0.2,5(t) 652.7 997.4 1254.8

Table 5.5.2: Average iteration numbers of
Algorithm 6 on problems of size 100×100.

Figure 5.1: Iteration numbers for all different
variants of Algorithm 6 are far from the theo-
retical ones.

PPPPPPPPPPPPPP
IPA

Problems
x ∈ [0,1]100,s ∈ [9,11]100 x ∈ [0,100]100,s ∈ [9900,11000]100 x ∈ [0,1]200,s ∈ [9,11]200 x ∈ [0,100]200,s ∈ [9900,11000]200

φ1(t) 7.2 6.0 10.0 6.0

φ2(t) 8.0 7.0 10.8 8.0

φ3(t) 7.0 6.0 9.9 6.0

ψ0.2,5(t) 73.8 24.2 145.3 37.3

Table 5.5.3: Average iteration numbers of Algorithm 6 on problems of size 100×100 and
200×200.

Figure 5.2: Iteration numbers for all different
variants of Algorithm 6 are slightly increasing. Figure 5.3: Iteration numbers for all different

variants of Algorithm 6 are almost constant.
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PPPPPPPPPPPPPP
IPA

Problems
x ∈ [9,11]100,s ∈ [0,1]100 x ∈ [9900,11000]100,s ∈ [0,100]100

φ1(t) 239.1 423.9

φ2(t) 246.8 478.7

φ3(t) 245.0 470.7

ψ0.2,5(t) 992.0 1946.4

Table 5.5.4: Average iteration numbers of
Algorithm 6 on problems of size 100×100.

Figure 5.4: Iteration numbers of Algorithm 6 are
larger than in the case shown in Figure 5.5.5

5.5.1.1.1 Connection between local κ, ∥∆x∆s∥, duality gap and step length based

on PD IPA on Csizmadia matrix

In this section, we show some results that were presented in [53]. We found important

connections between the local κ value defined in 5.4.1, ∥∆x∆s∥, the duality gap and the step

length.

Taking into consideration the Csizmadia matrix defined in (5.5.1) of size 100×100, we generated

an LCP with all one vectors as starting points, where q = −Me+e. We tested the connections

mentioned before, the local kappa, the iteration numbers and the step length. It is important

to mention that in Figure 5.5 that while the value κ(∆x) is also exponentially decreasing in

each step, the step length is exponentially increasing.

Figure 5.5: Connection between the local κ and the step length (on the right-hand side plotted
with logarithmic scale).

Furthermore, from Figure 5.6 with logarithmic scale we see that until the value κ(∆x) is

significantly larger than 0, the duality gap is not significantly decreasing. However, as the
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value κ(∆x) approaches 0, the duality gap starts to decrease exponentially.

Figure 5.6: Connection between the local κ and the duality gap (on the right-hand side plotted
with logarithmic scale).

Finally, the value κ(∆x) has a similar exponential decrease as ∥∆x∆s∥, which can be seen in

Figure 5.7 with logarithmic scale.

Figure 5.7: Connection between the local κ and ∥∆x∆s∥ (on the right-hand side plotted with
logarithmic scale).

In the following subsection, we present the numerical results obtained by using the PC IPA

based on the new class of AET functions.

5.5.1.2 Predictor-corrector interior-point algorithm

In the case of Algorithm 7, we show the average iteration numbers for problems of size 100×100

and with the starting points x and s from similar interval as in Table 5.5.5. We can see that

the number of iterations does not change significantly. In Figure 5.8, one can see that even if

the handicap was exponential, the number of iterations slightly increases with the size of the

problem. Points may overlap in figures.
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PPPPPPPPPPPPPP
IPA

Problems
x,s ∈ [0,1]100 x,s ∈ [0,10]100 x,s ∈ [0,100]100

φ1(t) 51.7 55.7 55.0

φ2(t) 52.15 56.2 55.45

φ3(t) 51.85 56.1 55.15

ψ1,5(t) 62.2 67.0 65.75

Table 5.5.5: Average iteration numbers of
Algorithm 7 on problems of size 100×100.

Figure 5.8: Iteration numbers for all different
variants of Algorithm 7 are far from the theo-
retical ones.

We present our results in the case of Algorithm 7 on test cases where the values of x are

significantly smaller than the values of s, see in Table 5.5.6 and in Figures 5.9 and 5.10. It can

be seen that the iteration numbers are almost constant.
PPPPPPPPPPPPPP
IPA

Problems
x ∈ [0,1]100,s ∈ [9,11]100 x ∈ [0,100]100,s ∈ [9900,11000]100 x ∈ [0,1]200,s ∈ [9,11]200 x ∈ [0,100]200,s ∈ [9900,11000]200

φ1(t) 6.0 5.05 7.0 4.8

φ2(t) 6.5 5.55 8.1 6.8

φ3(t) 6.0 4.45 7.0 4.0

ψ1,5(t) 7.0 5.05 9.7 6.0

Table 5.5.6: Average iteration numbers for Algorithm 7 on problems of size 100×100 and
200×200.

Figure 5.9: Iteration numbers for all different
variants of Algorithm 7 are slightly increasing. Figure 5.10: Iteration numbers for all different

variants of Algorithm 7 are almost constant.

We showed results in case of Algorithm 7 on problems of size of 100×100 and with starting

points where the values of x are significantly larger than the values of s in Table 5.5.7 and

Figure 5.11. These results show more iterations than in the case of problems with starting

92



points where the values of x are significantly smaller than the values of s.

PPPPPPPPPPPPPP
IPA

Problems
x ∈ [9,11]100,s ∈ [0,1]100 x ∈ [9900,11000]100,s ∈ [0,100]100

φ1(t) 200.65 370.3

φ2(t) 201.4 379.8

φ3(t) 201.1 377.7

ψ1,5(t) 249.5 490.4

Table 5.5.7: Average iteration numbers of
Algorithm 7 on problems of size 100×100.

Figure 5.11: Iteration numbers of Algorithm 7
are larger than in the case shown in Figure 5.5.5

Finally, it can be seen that the Algorithm 7 based on the kernel function shows slightly worse

iteration numbers than the algorithms based on the three AET functions belonging to the class

of AET functions presented in Section 3.1. Furthermore, Algorithm 7 based on the function

φ3 show slightly better results than φ2, and similar results as φ1.

5.5.2 Numerical results based on positive semidefinite and bisym-

metric matrices

Numerical results in the case of Algorithm 6 based on functions belonging to the class defined

in Definition 2.1.1 can be found in [26]. Furthermore, results in case of Algorithm 7 based on

functions that are members of the class of AET functions defined in Definition 3.1.1 can be

found in [25, 59]. Finally, other numerical results regarding a Algorithm 8 that is working in a

wide neighborhood of the central path are presented in [57].

We present our numerical results using the matrices from the website [100]. Consider matrix

A, which is a constraint matrix of an LO problem from the NETLIB test collection [83]. With

A, we generated PSD matrices by ATA and AAT . The reason for this is to use the structure

of those LO problems. We called those matrices "TR_PSD", and with these matrices we

also considered bisymmetric matrices, that we called "TR_BS" matrices. The matrices called
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"TR_BS" were generated as follows:

M =

 P B

−BT Q

 , (5.5.2)

where P and Q are PSD matrices of size n×n and m×m and B ∈Rn×m is an arbitrary matrix.

We used the "TR_PSD" matrices as the PSD matrices P and Q in (5.5.2). The bisymmetric

matrices with structure shown in (5.5.2) first occured in a paper of Klafszky and Terlaky [98].

They showed theoretical results related to symmetric, linearly constrained convex QP problems.

Finally, our goal was to acquire matrices that are P∗(κ)-matrices with specific values κ. We

wanted to analyse the connection between the size of κ and the practical iteration numbers.

We generated these matrices from "TR_PSD" and "TR_BS" with the scaling technique shown

in [69] from Theorem 3.5. It is important to mention that the scaling technique was mentioned

in other articles as well, like in [81]. In the scaling technique, we defined matrices U and V as

identity matrices, except for one element at the same index, which was
√

1+4κ̄ in the case of

matrix U and 1√
1+4κ̄

for matrix V , where κ̄ is the desired value of κ for the new modified

matrix. Finally, the P∗(κ̄) matrix was obtained by computing M̄ ′ = UMV .

We generated 39 test matrices for each of the following values of κ̄= 0,10,100,1000,10000 with

the techniques mentioned above. However, since we obtained similar results in most of the

cases, we present only the results for problems with κ̄= 0 and κ̄= 10000. We chose x = s = e

as starting points, where e is the vector of all ones. We calculated the right-hand side as

q = −Me+e. With this, we ensured strict feasibility of the test LCPs.

The three AET functions and the parametric kernel function used here are similar to the ones

that were presented in Subsection 5.5.1.

The results can be found in Tables 5.5.8, 5.5.9, and 5.5.10. In Tables 5.5.8, 5.5.9, and 5.5.10, the

results can be found for the PSD and bisymmetric matrices. We also present results obtained

by using the matrices generated by the technique that was mentioned in Theorem 3.5 in [70]

and with κ̄= 10000 in Tables 5.5.9, 5.5.8 and 5.5.10.

In all tables, the first column contains the name of the tested matrices. The second column is

the size of the square matrices. Finally, in the last eight columns (in the case of Table 5.5.10,

just the last four columns) the numbers of iterations can be found for the different search

directions.
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We show the changes of the local κ defined in (5.4.1) at each iteration of the algorithm based on

the function φ3. The chosen matrix for this purpose is "TR_PSD_1_2", since the maximum

local κ was the largest for this one. It is easy to see that even in the case where the value κ of

the matrix is 10000, the maximum of the local κ was less than 250. Furthermore, the local κ

is the largest in the first iteration, and then it reaches 0 after some iterations.

Finally, due to the fact that the local κ is far smaller than the handicap of the matrices, the

value κ has less effect on the iteration numbers than it should have based on the theoretical

results.

5.5.2.1 Numerical results for primal-dual interior-point algorithms

In the case of Algorithm 6, the kernel function-based algorithm has similar results as the ones

that were produced by the algorithms based on the three AET functions belonging to the

introduced class in Definition 2.1.1.

In Figure 5.12 (a), we show the changes in the local κ in the case of the Algorithm 6, and in

Figure 5.13 (b), the decrease of the duality gap. It is easy to see that the duality gap starts to

decrease drastically after the local κ reaches zero.

(a) The changes of κ∆x for TR_PSD_1_2 (b) The changes of the duality gap for TR_PSD_1_2

Figure 5.12: It is important to mention that the iteration numbers are different for each test
cases in Subfigure (a) and (b). This is obtained by using the Algorithm 6 based on φ3.

In Table 5.5.8 we present the iteration numbers of Algorithm 6 using different search directions

on matrices with κ = 0 and κ = 10000. Note that the boldface letter means that it represents

the smallest number of iterations for a given matrix.
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κ̄= 0 κ̄= 10000
Name of matrix Size φ1 φ2 φ3 ψ1,5 φ1 φ2 φ3 ψ1,5
TR_PSD_1_2 27 10 10 10 10 14 14 13 13
TR_PSD_2_2 32 12 12 12 12 17 17 16 16
TR_PSD_3_2 41 11 11 11 11 15 15 16 16
TR_PSD_4_2 43 12 12 12 12 16 16 16 16
TR_PSD_5_2 46 11 11 11 11 15 15 15 15
TR_PSD_6_2 47 11 11 11 11 15 15 15 15
TR_PSD_7_2 48 12 11 12 12 16 15 16 16
TR_PSD_8_2 48 11 11 11 11 15 15 15 15
TR_PSD_9_2 48 11 11 11 11 15 15 15 15
TR_PSD_10_2 49 12 11 12 12 19 19 20 19
TR_PSD_11_2 50 12 11 12 12 19 19 20 19
TR_PSD_12_2 50 12 11 12 12 16 15 16 16
TR_PSD_13_2 56 9 9 9 9 14 14 13 13

TR_BS_1_2 59 12 11 12 12 14 14 14 15
TR_BS_2_2 68 10 10 10 10 13 13 13 13
TR_BS_3_2 73 10 10 10 10 15 15 15 15
TR_BS_4_2 74 10 10 10 10 15 15 15 15
TR_BS_5_2 75 12 11 12 12 20 24 22 20
TR_BS_6_2 80 12 12 12 12 14 14 14 15
TR_BS_7_2 81 13 12 13 13 15 15 15 16
TR_BS_8_2 84 12 12 12 13 21 26 24 20
TR_BS_9_2 88 11 11 11 12 16 15 16 16
TR_BS_10_2 89 12 12 12 12 16 16 16 16
TR_BS_11_2 89 11 11 11 11 16 16 16 16
TR_BS_12_2 90 13 12 13 13 14 13 14 14
TR_BS_13_2 90 13 12 13 13 16 17 17 17
TR_BS_14_2 94 11 11 11 12 15 16 16 16
TR_BS_15_2 95 11 10 11 11 15 15 15 15
TR_BS_16_2 95 11 10 11 11 16 16 16 16
TR_BS_17_2 96 11 11 11 11 15 16 15 15
TR_BS_18_2 97 11 11 11 11 17 17 17 17

TR_PSD_14_2 97 13 13 13 14 15 15 15 15
TR_BS_19_2 102 10 10 10 10 14 15 14 14
TR_BS_20_2 103 11 10 11 11 15 15 15 15
TR_BS_21_2 124 15 14 15 15 19 19 18 19
TR_BS_22_2 140 14 14 14 14 18 18 18 18
TR_BS_23_2 145 16 15 16 16 21 20 20 20
TR_BS_24_2 146 15 14 15 15 20 19 19 19
TR_BS_25_2 153 14 14 14 14 19 19 18 18

Table 5.5.8: Iteration numbers of Algorithm 6 on matrices with κ̄= 0 and κ̄= 10000
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5.5.2.2 Numerical results obtained for predictor-corrector interior-point algo-

rithms

In the case of Algorithm 7, it is observed that the algorithm based on the chosen kernel function

gives slightly worse results than the algorithms based on the three AET functions belonging

to the introduced class in Definition 3.1.1. We can see that in practice, Algorithm 7 usually

perform better than Algorithm 6.

We show the changes in the local κ in the case of the Algorithm 7 in Figure 5.13 (a). Further-

more, we show the decrease of the duality gap in Figure 5.13 (b).

(a) The changes of κ∆x for TR_PSD_1_2 (b) The changes of the duality gap for TR_PSD_1_2

Figure 5.13: It is important to mention that the iteration numbers are different for each test
cases in Subfigure (a) and (b). This is obtained by using the Algorithm 7 based on φ3.

In Table 5.5.9 we present the iteration numbers of Algorithm 7 using different search directions

on matrices with κ = 0 and κ = 10000. Note that the boldface letter means that it represents

the smallest number of iterations for a given matrix.
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κ̄= 0 κ̄= 10000
Name of matrix Size φ1 φ2 φ3 ψ1,5 φ1 φ2 φ3 ψ1,5
TR_PSD_1_2 27 7 7 8 10 11 11 9 13
TR_PSD_2_2 32 9 8 8 12 13 12 11 15
TR_PSD_3_2 41 8 8 7 11 12 12 11 15
TR_PSD_4_2 43 9 8 8 12 12 12 10 16
TR_PSD_5_2 46 8 8 7 11 12 12 11 15
TR_PSD_6_2 47 7 7 8 11 11 11 11 15
TR_PSD_7_2 48 8 8 8 12 12 12 11 15
TR_PSD_8_2 48 7 7 8 11 11 11 11 15
TR_PSD_9_2 48 8 8 7 11 12 12 10 16
TR_PSD_10_2 49 8 8 8 11 12 14 10 17
TR_PSD_11_2 50 9 8 8 11 12 12 10 16
TR_PSD_12_2 50 8 8 8 12 12 14 10 17
TR_PSD_13_2 56 7 7 6 8 11 11 9 11

TR_BS_1_2 59 8 8 7 11 12 12 9 14
TR_BS_2_2 68 8 8 7 10 12 12 10 12
TR_BS_3_2 73 8 8 7 9 13 13 11 14
TR_BS_4_2 74 8 8 7 10 12 12 11 15
TR_BS_5_2 75 8 8 7 11 14 15 17 19
TR_BS_6_2 80 8 8 8 11 11 11 10 14
TR_BS_7_2 81 8 8 8 12 12 12 10 15
TR_BS_8_2 84 8 9 8 12 14 13 14 19
TR_BS_9_2 88 8 8 7 11 11 12 10 15
TR_BS_10_2 89 8 8 8 12 12 12 11 15
TR_BS_11_2 89 8 8 8 10 13 12 12 16
TR_BS_12_2 90 8 8 8 12 12 12 9 13
TR_BS_13_2 90 9 9 8 12 13 13 12 16
TR_BS_14_2 94 8 8 8 11 13 13 13 15
TR_BS_15_2 95 8 8 7 10 12 12 12 14
TR_BS_16_2 95 8 8 7 10 13 13 12 15
TR_BS_17_2 96 8 8 7 10 13 13 12 15
TR_BS_18_2 97 8 8 8 11 13 12 11 15

TR_PSD_14_2 97 9 9 8 13 14 13 12 15
TR_BS_19_2 102 8 8 7 10 13 13 12 14
TR_BS_20_2 103 8 8 7 10 13 13 11 14
TR_BS_21_2 124 9 10 9 14 15 15 14 17
TR_BS_22_2 140 9 9 8 14 14 14 15 16
TR_BS_23_2 145 11 10 9 16 15 15 14 19
TR_BS_24_2 146 10 10 9 14 15 15 15 18
TR_BS_25_2 153 9 10 9 14 15 14 14 17

Table 5.5.9: Iteration numbers of Algorithm 7 on matrices with κ̄= 0 and κ̄= 10000
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5.5.2.3 Numerical results obtained for interior-point algorithm acting in a wide

neighborhood of the central path

Finally, the results in the case of Algorithm 8 are similar to the results that we obtained with

Algorithms 6 and Algorithm 7. While it has slightly worse results than Algorithm 7 previously

presented, it shows better results than the proposed Algorithm 6. Finally, we show results in

case of Algorithm 8 in the case of problems based on the matrix (5.5.1), with starting point

x = s = e, where e is the vector of all ones. This illustrates that LCPs with the Csizmadia

matrix can be solved easily by using these algorithms. Furthermore, it is worth noting that in

the case of these problems, Algorithm 8 provides better results than Algorithm 7 in this thesis.

Figure 5.14: TR LCP solver for Algorithm 8 for sufficient LCPs with Csizmadia matrix, and
with starting points x = s = e.

In Table 5.5.10 we present the iteration numbers of the Algorithm 8 on matrices with κ = 0

and κ = 10000. Note that the boldface letter means that it represents the smallest number of

iterations for a given matrix.
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κ̄= 0 κ̄= 10000
Name of matrix Size φ1 φ2 φ1 φ2
TR_PSD_1_2 27 8 8 13 13
TR_PSD_2_2 32 9 9 15 15
TR_PSD_3_2 41 8 8 14 14
TR_PSD_4_2 43 10 9 14 14
TR_PSD_5_2 46 9 8 14 13
TR_PSD_6_2 47 8 8 13 13
TR_PSD_9_2 48 9 8 14 13
TR_PSD_7_2 48 9 9 13 13
TR_PSD_8_2 48 8 8 14 14
TR_PSD_10_2 49 9 9 15 15
TR_PSD_12_2 50 9 9 14 14
TR_PSD_11_2 50 9 9 15 15
TR_PSD_13_2 56 8 7 12 13

TR_BS_1_2 59 9 9 14 13
TR_BS_2_2 68 8 8 13 13
TR_BS_3_2 73 8 8 15 15
TR_BS_4_2 74 8 8 14 14
TR_BS_5_2 75 9 9 17 18
TR_BS_6_2 80 9 9 13 12
TR_BS_7_2 81 10 10 14 13
TR_BS_8_2 84 10 10 18 19
TR_BS_9_2 88 9 9 13 13
TR_BS_11_2 89 9 8 15 14
TR_BS_10_2 89 10 9 14 14
TR_BS_13_2 90 10 9 15 14
TR_BS_12_2 90 9 9 13 13
TR_BS_14_2 94 9 9 15 14
TR_BS_15_2 95 8 8 14 14
TR_BS_16_2 95 9 9 15 15
TR_BS_17_2 96 9 9 15 14
TR_BS_18_2 97 9 8 16 16

TR_PSD_14_2 97 10 10 14 14
TR_BS_19_2 102 9 8 15 14
TR_BS_20_2 103 9 8 14 14
TR_BS_21_2 124 11 11 17 17
TR_BS_22_2 140 10 10 17 16
TR_BS_23_2 145 11 11 18 18
TR_BS_24_2 146 11 11 17 17
TR_BS_25_2 153 11 10 17 17

Table 5.5.10: Iteration numbers of Algorithm 8 on matrices with κ̄= 0 and κ̄= 10000

To conclude, we showed the implemented versions of the IPAs and we pointed out the differences
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between them and the theoretical IPAs. We presented our numerical results based on two test

sets that we generated during our research. Based on our experiments we observed that in

case of the matrices with larger κ obtained by rescaling the test set problems, there was no

significant increase in the number of steps. This indicates that in some cases the value κ is

not as significantly influential as expected from theoretical analyses. It would be interesting to

generate other test set of problems, where the matrices cannot be scaled to ones with κ̄ = 0.

As further research, it would be interesting to test our IPAs on P∗(κ)-LCPs with these types

of matrices, as well. In the following chapter we present some concluding remarks and further

research topics.
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Chapter 6

Conclusions and further research topics

In this chapter, we summarize the thesis and suggest further research topics in the field of

interior-point algorithms (IPAs) for solving linear complementarity problems (LCPs).

In this thesis, we introduced new classes of algebraically equivalent transformation (AET)

functions for determining search directions for both primal-dual and predictor-corrector IPAs.

We also showed that the kernel functions corresponding to some of these AET functions do not

belong to the known classes of kernel functions from the literature. Furthermore, we also gave

an example of such an eligible kernel function, for which the corresponding AET function is not

a member of our classes of AET functions. We introduced three different IPAs, a primal-dual,

and two predictor-corrector IPAs for solving P∗(κ)-LCPs. These algorithms are Algorithm 1,

2, and 5. We also presented the complexity analyses of the proposed IPAs. Furthermore,

numerical results were also provided.

First, in Chapter 1, we proposed a literature review about previous research results in the topic

of LCPs and IPAs. We presented the AET technique in the case of LCPs. In Section 1.5, we

also presented other ways for determining search directions in the case of IPAs. In Section 1.6,

we showed several applications of LCPs.

We presented our theoretical results in Chapters 2, 3 and 4. First, in Section 2.1, we proposed

a new class of AET functions. After that, in Section 2.2, we introduced the primal-dual IPA,

Algorithm 1, that is based on this class of AET functions. Finally, to conclude Chapter 2, we

presented the complexity analysis of Algorithm 1 in Section 2.3.

In Chapter 3, we defined the new class of AET functions that defines a predictor-corrector

IPA. In Section 3.1, we introduced this class of AET functions and presented the complexity
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analysis of the predictor-corrector IPA, Algorithm 2, that uses a function from this class of

AET functions as an input. In Section 3.2, we presented a special function that is a member

of this class of AET functions and has an inflection point. We also showed the main steps of

the complexity analysis of the IPA in this special case.

Finally, to conclude our theoretical results, we defined a new type of predictor-corrector IPA in

Chapter 4. In Section 4.1 we introduced a generalized wide neighborhood based on the results

of Potra and Liu [88]. Based on the generalized wide neighborhood, we introduced a new type

of predictor-corrector IPA, Algorithm 4 that uses φ(t) =
√
t to define the wide neighborhood

of the central path in Section 4.2. After that, in Section 4.3 we showed the complexity analysis

of Algorithm 4.

In Chapter 5, we proposed an implemented version for each type of IPA presented in Chapters

2, 3 and 4. Furthermore, we showed numerical methods for solving LCPs with sufficient matri-

ces. In Section 5.1, we proposed algebraically equivalent Newton systems that are equivalent

in theory, although in practice they work differently. We also suggested a method to calculate

the Newton directions from the Newton systems. After calculating the directions, we suggested

a method for calculating the step length in each IPA which is different than the method used

in theory. In Section 5.3, we proposed a method to check the feasibility of the new iterates.

Moreover, we also presented the applied neighborhoods. Furthermore, we showed some con-

nections between the decrease of κ(∆x) and the change in the step length α, duality gap and

∥∆x∆s∥ in each iteration. This connection can be important in theory, since in all of the cases

the theoretical iteration number depends on κ. This leads to new interesting research topics.

Finally, in Section 5.5, we presented our numerical results. We generated test cases for which

we have a large κ. Furthermore, we also considered a special matrix known from the literature

which has exponential handicap. We obtained promising results in all cases. This indicates

that in some cases the value of κ is not as significantly influential as expected from theoretical

analyses.

Finally, we also discuss plans for further research. It is important to mention that, in theory,

we would like to extend the predictor-corrector IPA that works in a wide neighborhood of the

central path that is based on other AET functions as well. We would like to extend our class of

AET functions in the case of the primal-dual IPA and the predictor-corrector IPA for solving

general LCPs like Illés et al. did in [50, 51]. Furthermore, as we have already mentioned, we

would like to further investigate the effect of the handicap on the numerical results. Finally,
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our aim is to further develop our solver for more general matrices.
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