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1 Research background and motivation of the topic

The framework consists of four chapters and it is written in essay format. The aim is to
perform a theoretical and quantitative analysis using mathematical concepts and macro-
finance approaches.

The connection between each chapter involves making an effort towards the solution
of minimization problems: in the specific metric space by the implementation of gradient
flow, minimization of financial transaction costs, and monetary intervention by the central
bank in order to decrease inflation. Chapter 1. is connected to Chapter 2. and 3. in the
context of optimization algorithm setting, which also converges to its minimum. In this
context, it means in Chapter 3. the reduction of financial transaction costs using the same
Moreau-Yosida approximation on a financial case illustration in Hilbert space such as in
Mosco convergence case in CAT(x)-space. In Chapter 3. the optimization is proved by the
Lie-Trotter-Kato formula and the numerical algorithm is performed on a financial dataset.
Chapter 4. is connected to Chapter 1., 2., and 3. in a sense of minimization problem to
decrease inflation level by the implementation of the Federal Reserve Bank’s quantitative
tightening program. We can see in every chapter a minimum problem, where the aim is to
reach an optimal minimum level. Each chapter refers on the following aspects:

1. Chapter 1. - introduces to the reader the main mathematical concepts in order to
understand the second chapter of Mosco convergence in Cartan Alexandrov To-
pogonov or CAT(1)-space, where the reader could imagine a geometric shape (very
similar to a geometric ball) with it’s important trigonometric angles, semi-convex
functions, sequence of these functions and the associated gradient flows;

2. Chapter 2. - relies on mathematical concepts and characteristics from Chapter 1.
and incorporates these mentioned features into the Mosco convergence of CAT(1)-
space. Particularly, the Mosco convergence of a sequence of semi-convex lower semi-
continuous functions f, : X(—oo,00), which converge to f : X(—o0, oc]. It has been
introduced and defined a Mosco convergence of semi-convex lower semi-continuous
functions (Isc), which implies a pointwise convergence of Moreau envelopes and it’s
associated gradient flows in the CAT(1)-space. We used weak compactness to find
a weakly convergent subsequence of J/»(z) indexed by n. Then, we showed that
the limit of this subsequence is actually J/(z), and then that the whole sequence
strongly converges to J/(z). Among others, we also used an Ekeland type of lower
estimate on f,(x), we also proved the same result for Mosco converging sequences of
Isc semi-convex L-Lipschitz functions and Mosco converging sequences of Isc semi-
convex functions that are uniformly bounded below by 0. The definition of weak
convergence and compactness considered here agrees with the usual weak conver-
gence and weak sequential compactness of bounded sets in Hilbert spaces. This
minimization approach of a metric distance involves Moreau-Yosida approximation
and assiduously focuses on the theory of gradient flows of semi-convex functions
established in CAT(x)-spaces. It refers to the a priori estimation of Ohta and Palfia
(2017) in CAT(1)-spaces [134];

3. Chapter 3. - considers Douglas Rachford operator splitting algorithm in Hilbert
space, which converges to a minimum point with the aim of decreasing the financial



transaction costs. This dual operator setting is a composition of two monotone func-
tions in the form of bid-ask spread, where exists a binary operation between the two
convex functions;

4. Chapter 4. - refers to the Macro-Finance application in the context of the experi-
ence of the Federal Reserve Bank (Fed) related to its policy of Quantitative Tighten-
ing (QT) and its spillover effect on BRICS (Brazil, Russia, India, China, South-Africa)
and the other selected Emerging Market (EM) economies. It was chosen a sample of
countries to examine the impact of the Fed’s QT on 10-year government bond yields,
between the period of 2012-2022. The result proves that the highest correlation be-
tween the long-end yields of the United States and the selected EM has materialized
during the first QT (QT1) operation by the Fed between 2017 and 2019 for Peru,
Brazil, India and Hungary. It was expected the same behaviour of long-end yields
during the second QT (QT2) policy for the selected EM countries.

The purpose is to generalize the convergence of resolvents and gradient flows of Mosco
convergent sequences of lower-semicontinuous semi-convex functions to the CAT(1)-setting
from the CAT(0) with convex functions case [15, [16], 27]. In order to utilize weak con-
vergence, thus to make sense of Mosco convergence, we need to assume some diameter
bounds on our spaces in the most general cases of arbitrary lower-semicontinuous semi-
convex functions.

Under somewhat stronger assumptions of uniform lower boundedness or Lipschitz con-
tinuity of our function sequence we are able to prove convergence without diameter re-
strictions. Also we extend to the case of asymptotic relations, by generalizing the required
weak convergence and compactness results to the CAT(1)-setting which may be of inde-
pendent interest. In [16] the author utilizes local and global slope estimates for lower
semicontinuous functions in the CAT(0)-setting established in [12].

Palfia and Ohta in [34] established more direct estimates of error terms of minimizing
movements related to gradient flows for semi-convex functions compared to those in [12].
We utilize these estimates in this paper in order to control error terms of minimizing
movements converging to gradient curves. This approach is more direct than the one
available for CAT(0)-spaces in [16], thus provides a simpler approach. Also we rely on
Lipschitz estimates of [28] established for Moreau-Yosida resolvents locally in CAT(1)-
spaces. The local nature of our analysis is one of the essential differences between the
CAT(0)- and CAT(1)-setting.

2 Methodology

It has been implemented the CAT (1)-setting, since for x > 0, the metric d(-, -) of a CAT(x)-
space can be rescaled to \/iﬁd(-, -) so that it becomes a CAT(1)-space with this new metric.

Using the Moreau-Yosida resolvent J?(z) for a lower-semicontinuous \-convex function
¢ : X — (—o0,00] and 7 > 0, one can construct the gradient flow as

S(t)zo = lim (Jjjn)n(wo) 1

n—00



for a starting point S(0)z, := 2o and ¢ > 0. This curve {(t) = S(t)x, is characterized as the
unique solution [31] to the Evolution Variational Inequality

TP (e, 0)] + S(E, ) + (D) < o) (2)

for all y € D(¢) and almost all ¢ > 0.

2.1 Weak convergence in CAT(1)-spaces

Definition 2.1 (Weak convergence). Let (X, d) be a CAT(1) space. A net x; € X included
in B,(r/2) with x € X weakly converges to the point z, that is z; — =, if for any 7-convex
geodesic segment v C X with v(0) = z, P,(z;) strongly converges to z.

The following result characterizes weak convergence, this lemma can be found in [16]
in the case of CAT(0)-spaces. In the CAT(1)-case the price to be paid in the formulation is
the required boundedness implied by the required convexity of geodesic lines.

Lemma 2.1. Let (X, d) be a CAT(1) space. Let z,,x € X such that d(z,,z) < w/2 for all
n € N. Then x,, — z if and only if x,, — x and d(z,,,y) — d(x,y) for some y € X such that
d(z,y) < /2.

We also have the following fact which ensures that small enough bounded sets are
weakly sequentially compact, thus providing a Banach-Alaoglu property.

Lemma 2.2. Let (X,d) be a CAT(1) space with diam(X) < w. Then if (C;);c; is a non-
increasing family of closed convex sets in X for an index set I, we have N;c;C; # ().

2.2 Ekeland principle and Mosco continuity
Let (X,d) be a CAT(1) space in this section. We denote the extended real numbers by
R:=RU{-00,0c0}.

Definition 2.2 (semi-continuity). A function ¢ : X — R with its effective domain Dy =
{y € X|¢(y) < oo} is lower semi-continuous (Isc) at zo € D, C X, if

liminf ¢(z) > ¢(z0).

T—x0

Similarly we define weak Isc at zy € Dy C X if
liminf ¢(x) > ¢(xp).

Tr—x0

A function ¢ : X — R is called lower semi-continuous on Dy, if ¢ is Isc at any point in
Dy. It is well known that a function ¢ : X — R is Isc if and only if all sublevel sets are
closed, if and only if its epigraph is closed.

Definition 2.3 (semi-convexity). A function ¢ : X — R is semi-convex, more precisely
A-convex for a A € R, if

(7)) < (1= 1)p(7(0)) +to(v(1)) — %(1 — t)td* (7(0),~(1)) (3)

along geodesics « : [0,1] — X.
More generally ¢ is quasi-convex if its sublevel sets are convex.
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Lemma 2.3. Let diam(X) < 7. Let f : X — (—o0, 00| be a convex Isc function. Then f is
bounded below.

Definition 2.4 (Mosg) convergence). A sequence of Isc functions f, : X — R said to
converge to f : X — R in the sense of Mosco if, for any = € X, we have

(M1) f(z) <liminf, o fo(z,) whenever z,, = x,
(M2) there exists an (y,) C X, such that y,, — x and f,(y,) — f(x).

Proposition 2.4 (Ekeland principle for a Mosco convergent sequence of Isc semi-convex
functions, bounded case). Let X be a CAT(1)-space with diam(X) < m. Given o € X
and a sequence of Isc A-convex functions f, : X — (—o0,00| that is Mosco converging to
f: X — (—o00, 0], there exist v, 8 > 0 such that

ful@) = —ad(z,20) — B
forallz € X andn € N.

For a potential function, we always consider a lower semi-continuous function ¢ : X —
R. The effective domain of ¢ is defined as

D(g) = X \ 67 (c0) # 0.

Given z € X and 7 > 0, we define the Moreau—Yosida approximation:

. d*(z, z)
¢r(2) := inf {(b(z) + T}
and the Moreau—Yosida resolvent set
2
J?(x) = {z eX ‘ P(z) + d (2967-72) = ¢T(x)} :

For x € D(¢) and z € J?(x) (if J¢(z) # 0), it is straightforward from

d*(z, 2)
2T

¢(2) + < ¢(x)

that ¢(z) < ¢(z) and d*(z, z) < 27{o(z) — #(2)}.

We can consider two kind of conditions on ¢:

Assumption 1. 1. There exists 7.(¢) € (0,00] such that ¢,(z) > —oc and J¢(z) # () for
all z € X and 7 € (0, 7.(¢)) (coercivity).

2. For any @ € R, bounded subsets of the sub-level set {x € X |¢(x) < Q} are relatively
compact in X (compactness).

Remark 2.1. If diam(X) < oo and the compactness holds, then the lower semi-
continuity of ¢ implies that every sub-level set {x € X |¢(x) < @} is (empty or) compact.
Thus ¢ is bounded below and we can take 7,.(¢) = oo, in particular, (1) holds.
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Theorem 2.5. Let diam(X) < 7 and f,, : X — (—o00, 00| a sequence of lsc A-convex functions
that is Mosco converging to f : X — (—o0, 0c]. Then

Tim (fu)-(x) = £+(2)

and
lim JI(z) = J/ ()

T
n—oo

for any small enough 7 > 0 and x € D(f).
Theorem 2.6. Let f, : X — (—o0,00] be a sequence of L-Lipschitz functions that is Mosco
converging to f : X — R. Then

lim (f,)-(7) = fr(2)

n—oo

and
lim J/(z) = J/ ()

T
n—oo

for any small enough T > 0.

The following is yet another variant of the above, it generalizes Proposition 5.12. in
[27]] which proves this in CAT(0)-spaces.

Theorem 2.7. Let f,, : X — (—o0, 00| be a uniformly lower bounded sequence of lsc functions
that is Mosco converging to f : X — (—o0, 0c|. Then

Tim (fu)-(z) = £+(x)

and
lim JI(z) = J/ ()

T
n—oo

for any small enough 7 > 0 and = € D(f).

To construct discrete approximations of gradient curves of ¢, we consider a partition of
the interval [0, o0):

Z.o={0=t0<tl <.}, lim % = oo,
k—o0
and set
T =" —t*71 fork € N, |T| := sup 7.
keN

We will always assume |7| < 7.(¢). Given an initial point z, € D(¢),
22 := zo and recursively choose 2% € J? (z}7!) for each k € N. 4

Lemma 2.8 (A priori estimates). Let ¢ : X — (—o0, oc] satisfy Assumption [I|(I)). Then, for
any z, € X and Q,T > 0, there exists a constant C = C(z., T.(¢), Q,T) > 0 such that, if a
partition 2. and an associated discrete solution {x*},cn of (@) satisfy

(b(l’o) <Q, d2($0,x*) <Q, tj_V <T, |7_| < T*égb)’

then we have forany 1 < k < N

koo 1-1 .1
P 1) ) — plat) < €

d2 k i <C
(x77x)— ) 277



In particular, for all 1 < k£ < N, we have d?(z*!, z*) < 2C7, and

Tl

k 2 d?(z71, 2h) B
d? (g, 2¥) < Zd(mlfl,xl) < Z —T 7. Zn < 201", (5)
I=1

Theorem 2.9. Let (X,d) be a CAT(1) space. Assume f, : X — (—o0, 0] is a sequence of lsc
semi-convex functions that is Mosco converging to f : X — (—o0,00|. Let J/(z) and Ji"(z)
be the corresponding resolvents such that for all small enough 7 > 0

TN (@) = J(x)

as established earlier under the extra assumptions imposed by either Theorem or Theo-
rem or Theorem [2.7] and let S(x) and S}'(x) denote the corresponding gradient flows.
Then

lim S}'(z) = Si(x)

n—oo

for any = € D(f).

2.3 Sequences of spaces with an asymptotic relation
Let (X;,d;), (X, d) be complete CAT(1)-spaces. Define

X=X <|_|X>

as a disjoint union.

In this section we assume that X; and X have an asymptotic relation. The following
definition can be found in [27] which generalizes weak convergence to an asymptotic
relation in the CAT(0) setting. We modify it suitably for our CAT(1)-setting.

Lemma 2.10. Let z;,y; € X; and x,y € X such that d;(x;,y;),d(y,z) < w/2 for all i. Assume
z; — x and y; — y. Then we have

(1) d(z,y) < liminf; d;(zi, y;),
(2) di(z,y:) = d(z,y) if and only if z; — .

Lemma 2.11. Let z; € X; be a net and ~v;,0; : [0,1] — X, geodesic segments such that
T, Y, 0; are contained in (w/2 — €)-convex sets for each index i and a given ¢ > 0 and

lim di (:(0), 4(0)) = lim ds (1), 03(1)) = 0. (6)

Then we have
hm dl<P% (xl)a PUi(xi)) = 0.

Lemma 2.12. Let ¢ > 0 be arbitrary. Any x; € X; net satisfying d;(x;,0;) < w/4 — € for a net
0; — 0 € X has a weakly convergent subnet.



Definition 2.5 (Mosco convergence for asymptotic relations). A sequence of Isc functions

f. : X, — R said to converge to f : X — R in the sense of Mosco if, for any = € X, we
have

(M1) f(z) <liminf, . f.(z,) whenever z, € X,, and z, 2z,
(M2) there exists a sequence y,, € X,,, such that y, — = and f,(y,) — f(x).
We prove a version of Proposition adapted to the setting of this section.

Proposition 2.13 (Ekeland principle, bounded case). Let diam(X) < 7/2 — € for an € > 0.
Given w, € X, such that w,, — w € X and a sequence of Isc \-convex functions f, : X, —
(—o0, o] that is Mosco converging to f : X — (—oo, 00|. Then there exist «, 5 > 0 such that

fn(xn) 2 —O{dn(l’n, wn) - ﬁ

forall x, € X,, and n € N.

Theorem 2.14. Let diam(X) < 7/2 —e foran e > 0 and f, : X,, — (—o00, 00| a sequence of
Isc \-convex functions that is Mosco converging to f : X — (—o0, 0c|. Then

lim (f,,)-(z,) = fr(2)

n—oo

and
lim JI(z,) = JI(x)

n—oo

for any small enough 7 > 0 and = € D(f) and x,, € X,, with z,, — x.

Theorem 2.15. Assume f,, : X,, — (—o0, o] is a sequence of Isc semi-convex functions that
is Mosco converging to f : X — (—o0,00]. Let J/(x) and J/"(z,) be the corresponding
resolvents such that for all small enough 7 > 0

Tl (@) = T (x)

as established earlier in this section and let S;(x) and S}'(z,,) denote the corresponding gradi-
ent flows. Then

lim S} (z,) = Si(x)

n—o0

foranyt > 0and z € D(f) and z,, € X,, with x,, — .

Chapter 3. provides insight into a portfolio optimization problem of minimization (Fig-
ure 1.) for the transaction cost functions, on two financial scenarios:

1. Bid-ask spread of an Australian company share (Bissaloy-Steel);
2. Bid-ask spread of a Currency exchange rate (AUD/EUR).

In the first scenario, investor financially realized higher risk premium than return by trans-
action of foreign currency exchange rate. The portfolio manager invests in the second
period (t+1), after gathering all the information and gaining necessary investment skills.
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Figure 1: Douglas Rachford convergence of Bissalloy Steel Bid-Ask Spread for 500 iterations

The Douglas-Rachford splitting combines a reflectant of R, and both proximal mappings
of Py and P,, where iterating forward gradient steps or proximal steps, it leads directly to
the minimizers of each function [37]:

DR(f, g) = ]d - Pf + Png (7)

where, the Proximal Point Algorithm (PPA) reflects on the convergence property of the
transaction cost function.

Definition 2.6 (Portfolio optimization). Let (H,d) be a Hilbert space, where the domain
of two smooth cost functions relies on the Infimal convolution as dom g + dom f:

T T
min Z felze) + Z g (e — x4-1) 8
t=1 t=1

where, z; — x;_; denotes the risk-adjusted Bid-Ask Spread change in time.

We can get a domain for a two smooth convex transaction cost functions:

dom (f) ={zx € R" | f(z) < o0} )

dom (g) = {x € R" | g(x) < o0} (10)

The two transaction cost functions we can minimize by the implementation of Moreau-
Yosida envelop theorem:

) 1
envy f(zi—1) = min fi(z,) + = || 2 — 21 ||?

QA (11)

. 1
proxys (v4—1) = argmin, fi(x;) + o) | 2y — 2y ||
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Figure 2: Douglas Rachford convergence of AUD/EUR Foreign Currency Bid-Ask Spread for
2000 iterations

: 1

envag(z,_1) = min g (xy — x41) + X | 2y — 2oy ||?

1 (12)
proxyg (v4—1) = argmin, g,(z; — x,-1) + B3N | 20 — 241 IS
Solving a portfolio (z;) optimization problem, we can get:
d 1
mm; ft,i(It,i) + 5/\ || Ttg — Tg—14 ||§ — J)J\c (13)
a 1

mm;gt,z‘(%:,i — Tp14) + §>\ | @i — a1 |13 — JS (14)

x; € R™ means the portfolio of n assets (total assets) related to time period t with t =
1, 2 ... T., while (z;); indicates only a specific asset i held by an agent in time t.

Proof.
JL o Ji(x) # J4 o J] (15)

]

By the implementation of Lie-Trotter-Kato formula [34] we can get:

lim (Jﬁ o J9)"(x) = lim (Jfrg)"(x) (16)
n—o0 n n n—oo n

: g fyn 1 g+f\n
A (3o Ji)" @) = lim (Ji7)"() a7



Rewriting the case on the operator D and F:

lim (e Fa e Pa)" = lim (e~ PHu)? = ¢~ (P+F)y
lim (e P e_F%)” = lim e_(FJFD)%)" —(F+D)y
log((1+ DLy = —nlog(1 + DLy = (DY) + 0(DL2(=n) = Dt +0(L)  (18)
0 -~ = —nlo =)= —n(D= =V (=n) = — =
g n g n n n n
t
lim log((1+ D—)™") = —Dt
n—00 n
lim e P*
n—oo

Similarly, for the F operator we can get:

log((1+ F%)‘”) — —nlog(1+ F%) _ —n(F%) 4 O(F%)Q(—n) — _Ft+ 0(%)

lim log(1 + FL)™) = —Ft (19)
n—00 n

lim e

n—o0

The result indicates that there is a downward slope of operator D and F, which is illustrated
on Figure 2..

Chapter 4. The world economies were in the process of recovering during and after the
pandemic, and inflation exceeded its target level; most of the central banks used tightening
policy by reducing the central bank balance sheet size, i.e., Quantitative Tightening (QT).

The Federal Reserve faced again with a question: How to manage its balance sheet?
Beside the process of Fed’s balance sheet shrinkage, Gal and Juhasz (2025) follow the
long-end yield change and their spillover effect from a hegemon country (USA) towards
the emerging market countries. The balance sheet shrinkage policy became relevant as it
supports conventional monetary policy of avoiding further inflationary pressures [2].

The empirical approach illustrates that the U.S. long-term government bond yields have
a spillover effect to the Emerging Market economies. This international transmission mech-
anism came with financial globalization of capital flows and we can observe it in monetary
policy decision making as well. We present the spillover effect among chosen countries
through the long-end yields co-movement.

The result indicates that the strongest correlation was related to the BRICS countries for
India (0.90) and Brazil (0.72) during QT1. While, related to the other selected countries,
the co-movement was significant for Peru (0.63) and Hungary (0.57) during QT1. We
assume the same market bahaviour of yields for QT2 (2022-2025). We also showed that
the USA has fulfilled the three preliminary conditions of QT implementation, such as (a.)
high GDP% (5.5%), (b.) low unemployment (3.80%), and (c.) policy interest rate hike or
over the zero-lower bound (0.50 bp).
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Quantitative Tightening and Inflation

Inflation hike before Q71

Inflation hike before QT2

End of QT1 —

anz ement

' «—— Start of QT1

Nete: Quantitative tightening program serves as a response to the inflation hike.
Data source: 5t. Louis Fed, U.5. Bureau of Labor Statistics

Figure 3: Quantitative Tightening and Inflation. Data source: St. Louis Fed, U.S. Bureau of
Labor Statistic

3 Scientific results of the dissertation

3.1 Mosco convergence of semi-convex functions in CAT(1)-space
Key results:
1. Mosco convergence in CAT(1)-setting implies convergence of resolvents;

2. The convergence of resolvents implements the convergence of gradient flows for Isc
semi-convex functions;

3. Weak convergence holds in CAT(1)-spaces.

3.2 Convergence of Douglas-Rachford Operator Splitting Algorithm
Key results:

1. The agent invests in the second period. Under the condition of high- and low-risk cir-
cumstances, the investor has a primary focus on the decrease of the Bid-Ask Spread;

2. We can observe that in both cases, when there is a high-risk of a company’s Bid-
Ask Spread and a low-risk of the agent’s trading speculation into Foreign Currency
transactions, the optimal minimization can be reached by analytical and numerical
solutions;

11



3.3 Quantitative Tightening: Theory, Research, and Impact on Se-
lected Emerging Market Economies

Key results and some of the features of balance sheet tightening program, which can be
observed:

1. The tightening of the Fed’s balance sheet affect long-term yields;

2. Money supply in the system decreases as it induces less money in the market circu-
lation;

3. Small and recursive active sales occures, when passive runoff of Treasuries and MBS
reach below the monthly target. Small amount of sales is less likely to involve market
concerns;

4. Inflation, debt, and income inequality could endanger recovery in emerging economies,
according to the World Bank’s Global Economic Prospects report [T

5. The Fed officials can opt to reinvest toward shorter maturities, for instance, by pur-
chasing several 3-months T-bills in the form of shorther maturity resinvestments;

6. The trade-off between balance sheet reduction and effective funds rate hike — some
market participants use the ,,3 to 1” rule of thumb, such that the 3-basis point (bp)
move in policy rates is worth 1 bp on 10-year treasury yield change. The $50 billion
per month of balance sheet reduction is a substitution for 2% additional rate hikes
per year. The Kansas City Fed President, Ester George, mentioned that policy rate
hikes might slow once the balance sheet reduction starts (Hollenhorst et al., 2022).

4 Main references

1. Gal H., Palfia M., Convergence of semi-convex functions in CAT(1)-spaces., Calculus
of Variations and Partial Differential Equations 63, 213 (2024), 1-20.

2. G4l, H., Juhéasz, A. Quantitative Tightening: Theory, Research, and Impact on Emerg-
ing Market Economies, Journal of Central Banking Theory and Practice, 1 (2025), pp.
163-181.

!Global Economic Prospects Report, Stagflation Risk Rises Amid Sharp Slowdown in Growth World Bank,
2022.

12



5 List of publications subject to the dissertation

Journal publications
[1] Gal H., Palfia M., Convergence of semi-convex functions in CAT(1)-spaces., Calculus
of Variations and Partial Differential Equations 63, 213 (2024), 1-20.

[2] G4l, H., Juhdsz, A. Quantitative Tightening: Theory, Research, and Impact on Emerg-
ing Market Economies, Journal of Central Banking Theory and Practice, 1 (2025), pp.
163-181.

13



References

[11] S. Alexander, V. Kapovitch and A. Petrunin, Alexandrov geometry: preliminary ver-
sion no.1, 2019.

[12] L. Ambrosio, N. Gigli and G. Savaré, Gradient flows in metric spaces and in the space
of probability measures, Birkhduser Verlag, Basel, 2005.

[13] H. Attouch, Variational convergence for functions and operators, Applicable Mathe-
matics Series, Pitman (Advanced Publishing Program), Boston, MA, 1984.

[14] Y. Azouzi, A diagonal principle for nets, arXiv:2304.04189.

[15] M.Bacdk, Convex Analysis and Optimization in Hadamard Spaces, volume 22 of De
Gruyter Series in Nonlinear Analysis and Applications. De Gruyter, Berlin, 2014.

[16] M. Bacak, Convergence of nonlinear semigroups under nonpositive curvature, Trans.
Amer. Math. Soc. 367:6, June 2015, pp. 3929-3953.

[17] M. Bacdk, M. Montag, and G. Steidl, Convergence of functions and their Moreau
envelopes on Hadamard spaces. J. Appr. Theory (C) 224(2017), 1-12.

[18] A. Balser and A. Lytchak, Centers of convex subsets of buildings, Ann. Global Anal.
Geom. 28 (2005), pp. 201—209.

[19] M.R. Bridson, A. Haefliger, Metric Spaces of Non-Positive Curvature, Springer-Verlag,
Berlin—Heidelberg, 1999.

[20] M. G. Crandall and T. M. Liggett, Generation of semi-groups of nonlinear transfor-
mations on general Banach spaces, Amer. J. Math. 93 (1971), 265-298.

[21] G. Dal Maso, An introduction to I'-convergence, Birkhduser Boston Inc., Boston, MA,
1993.

[22] I. Ekeland, Nonconvex minimization problems, Bull. Amer. Math. Soc. 1 (1979),
443-474.

[23] J. Jost, Equilibrium maps between metric spaces, Calc. Var. PDE 2 (1994), 173-204.

[24] J. Jost, Nonlinear Dirichlet forms, New directions in Dirichlet forms, Amer. Math. Soc.,
Providence, RI, 1998, 1-47.

[25] J. Jost, From Linear to Convex, Journal of Convex Analysis 28:2 (2021), pp. 599-612.

[26] M. Kell, Uniformly convex metric spaces, Analysis and Geometry of Metric Spaces 2:1
(2014), pp. 359-380.

[27] K. Kuwae and T. Shioya. Variational convergence over metric spaces. Trans. Amer.
Math. Soc., 360(1):35-75, 2008.

[28] K. Kuwae, Resolvent Flows for Convex Functionals and p-Harmonic Maps, Analysis
and Geometry in Metric Spaces 3 (2015), pp. 46-72.

14



[29] K. Kuwae, Variational convergence over p-uniformly convex spaces, in Geometric
Aspect of Partial Differential Equations and Conservation Laws, RIMS Kokyuroku, 1842
(2013), pp. 22-39.

[30] U. F. Mayer, Gradient flows on nonpositively curved metric spaces and harmonic
maps, Comm. Anal. Geom. 6 (1998), 199-253.

[31] M. Muratori, G. Savaré, Gradient flows and Evolution Variational Inequalities in met-
ric spaces. I: Structural properties, J. Func. Anal. 278 (2020), 108347.

[32] S.-I. Ohta, Convexities of metric spaces, Geom. Ded. 125:1 (2007), 225-250.

[33] S. Ohta, M. Pélfia, Discrete-time gradient flows and law of large numbers in Alexan-
drov spaces, Calc. Var. PDE 54 (2015), 1591-1610.

[34] S. Ohta, M. Palfia, Gradient flows and a Trotter-Kato formula of semi-convex func-
tions on CAT(1)-spaces, Amer. J. Math. 139:4 (2017), 937-965.

[35] U. Mosco, Composite media and asymptotic Dirichlet forms, J. Funct. Anal. 123:2
(1994), 368-421.

[36] T. Yokota, Convex functions and barycenter on CAT(1)-spaces of small radii, J. Math.
Soc. Japan 68:3 (2016), 1297-1323.

[37] Bauschke H. and Moursi W. An Introduction to Convexity, Optimization, and Algo-
rithms. Society for Industrial and Applied Mathematics, 2023.

[38] Diebold, X. Francis. and Yilmaz. K. “Measuring financial asset return and volatil- ity
spillovers, with apprication to global equity markets”. In: The Economic Jour- nal, 119
(January), 158-171. (2009).

15



	Research background and motivation of the topic
	Methodology
	Weak convergence in CAT(1)-spaces
	Ekeland principle and Mosco continuity
	Sequences of spaces with an asymptotic relation

	Scientific results of the dissertation
	Mosco convergence of semi-convex functions in CAT(1)-space
	Convergence of Douglas-Rachford Operator Splitting Algorithm
	Quantitative Tightening: Theory, Research, and Impact on Selected Emerging Market Economies

	Main references
	List of publications subject to the dissertation

