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Chapter 1

Introduction

The liquidity crises of the past decades such as Black Monday in 1987, the one

related to the Iraq War in 1990, the collapse of LTCM in 1998 and the subprime

mortgage crisis in 2007 (Brunnermeier and Pedersen, 2008) evidence the paramount

importance of liquidity in financial markets. Liquidity crises and studies covering

them have drawn regulatory attention to the importance of understanding and ana-

lyzing liquidity. Therefore, liquidity and the management of liquidity risk are topics

well represented in regulatory practice as well as economic theory.

In January 2013, the Basel Committee (Basel Committee on Banking Supervi-

sion, BCBS) introduced two new measures, Liquidity Coverage Ratio and Net Stable

Funding Ratio, as part of the Basel III international regulatory framework for banks

(BCBS, 2013). Beside regulations for the banking system, the recommendations and

good practices of IOSCO (International Organisation of Securities Commissions) on

the management of investment funds are also being updated. The objective of the

recommendation IOSCO (2018) is to improve the management of liquidity risk of

open-end investment funds with a view to protecting investors, increasing the effi-

ciency of financial markets and reducing systemic risk. In 2016, the SEC (Securities

and Exchange Commission) adopted New Rule 22e-4 to regulate the liquidity risk of

registered open-end funds 1. The mission statement of the SEC 2 includes the aim of

protecting households who borrow funds or invest in financial markets. Beside the

regulation of financial institutions, the development of financial literacy of house-

holds and avoidance of excessive risk-taking and over-indebtedness are certainly also

key to achieving this objective.

1Securities and Exchange Commission’s Investment Company Liquidity Risk Management Pro-
grams, 17 CFR Parts 210, 270, 274, pp. 90 and 195. https://www.sec.gov/rules/final/2016/33-
10233.pdf

2"The SEC enforces the securities laws to protect the more than 66 million American house-

holds that have turned to the securities markets to invest in their futures – whether it’s start-

ing a family, sending kids to college, saving for retirement or attaining other financial goals."

https://www.sec.gov/
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1. Introduction 5

In addition to regulatory practice, the topic is also amply covered by theoreti-

cal models. The liquidity of assets and markets may fluctuate over time due to the

varying level of transparency of information on asset values, the number and capital

of intermediaries providing liquidity, and uncertainty. Therefore, it is important to

capture liquidity risk in models (Amihud, Mendelson and Pedersen, 2013). Based

on Acerbi and Scandolo (2008), the modelling of liquidity risk (liquidity risk) covers

the cash-flow risk of portfolios (generally speaking, that of companies) (Acerbi and

Scandolo, 2008), the risk of trading in illiquid markets, i.e. the risk of price im-

pact (Almgren and Chriss, 2001; Amihud, 2002; Acharya and Pedersen, 2005), and

the risk of drying up of the liquidity circulating in the financial system (Amihud,

Mendelson and Wood (1990), Brunnermeier and Pedersen (2008), Mitchell, Pedersen

and Pulvino (2007) were the first to cover this topic). Accordingly, the theoretical

literature of the topic is diverse.

Acerbi and Scandolo (2008) define portfolio value under liquidity policy, which,

instead of valuing portfolios at the best bid or ask offer, takes into account the fact

that the execution of strategies requires the liquidation of part of the assets. In

Bigio (2015)’s model, companies face the problems of instant liquidation and col-

lateralization of part of their assets due to the uncertainty arising from the limited

enforceability of agreements. Kiyotaki and Moore (2019) limit the leverage of en-

trepreneurs. Therefore, they need to liquidate part of their illiquid assets in order

to be able to invest. Csóka (2017) models the possibility of risk sharing among the

divisions of an indebted company under financial constraints. Gromb and Vayanos

(2010) model the relationship between intermediary capital and market liquidity.

Several studies assess the effectiveness and potential costs of regulatory require-

ments. De Nicolò, Gamba and Lucchetta (2014) demonstrate in a partial market

equilibrium model that the application of the Basel III Liquidity Coverage Ratio

restricts lending and reduces the levels of efficiency and welfare. Begenau (2019)

uses a dynamic general equilibrium model to determine the optimal level of capi-

tal requirement. Increasing capital requirement reduces the leverage, and thus the

amount of coveted deposit funding, of banks, which, through a reduction of deposit

rates, reduces the cost of capital, increases profitability and, ultimately, lending.

On the other hand, IOSCO (2019a) stresses that the regulation of the secondary

market of corporate bonds has limited financial intermediaries in the provision of

liquidity since the crisis. Stress test results show that market pressure may lead to

more severe shifts in yields than before. According to Sommer and Sullivan (2018),

the abolition of tax credits for mortgage loans would result in a drop of real estate

prices and the stock of mortgage loans, and an increase in welfare.

Each chapter of the present dissertation analyzes the change in decisions of opti-

mizing market agents upon the introduction of liquidity and regulatory constraints.
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Chapter 2 presents a portfolio optimization problem, while Chapters 3, 4 and 5 cover

the consumption and portfolio allocation decisions of market agents and the profit

maximization of the market maker in a general equilibrium model. Liquidity and

regulation play an important role in these optimization problems. In order to take

transaction cost into account, we use the marginal supply-demand curve (MSDC) to

determine prices and portfolio value. In a given period, the MSDC of a risky asset

expresses the marginal bid prices (for positive quantities) and marginal asks (for

negative quantities) at which the particular asset can be traded. Using the approach

of Acerbi and Scandolo (2008), we determine portfolio value under a liquidity policy

defining the set of acceptable future portfolios. Portfolio value is the maximum of the

market values of the portfolios attainable from the initial one (through liquidation

of part of it) that comply with the liquidity policy. A liquidity policy specifies the

set of acceptable portfolios, for instance, the minimum level of cash to be reached.

It captures investor objectives, aspects of pre-defined fund investment policies of

institutional investors or regulatory requirements. Consumption and portfolio allo-

cation decisions are made under regulatory requirements introduced as a function

of expected shortfall.

For the valuation of illiquid portfolios, Acerbi and Scandolo (2008) assume that

the liquidation of a part of the portfolio has no permanent price impact. Therefore,

the final optimal portfolio that complies with the liquidity policy can be valued

using the initial MSDC. This assumption is reasonable for small transaction volumes,

long periods and low-risk assets (bonds). However, the permanent price impact of

the trading of institutional investors can be significant. In order to better address

the specific case of institutional investors, we modify portfolio value under liquidity

policy by introducing permanent price impact in Chapter 2. In an example with

linear permanent price impact, liquidity policy requiring a minimum level of cash

and MSDC approximated by an exponential function, even a moderate permanent

price impact can completely change the range of attainable portfolios, while slightly

changing the value of the portfolio. The use of permanent price impact implies a

breach of the price acceptance assumption due to the endowment effect, as agents

can shift or even manipulate market prices. Such alternative portfolio value can

be used for the calculation of risk metrics, definition of capital requirements, and

performance evaluation of portfolio managers.

Chapters 3, 4 and 5 of the dissertation are linked through the applied general

equilibrium model framework and summarized in a single section hereunder. For the

construction of the model, I rely on the book of Le Roy and Werner (2001). New fea-

tures introduced herewith include regulatory requirement as a function of expected

loss, the use of endogenic MSDC and bid-ask spread of the market maker, and the

distinction of cash from other assets, which makes saving in risk-free assets possible
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for all agents simultaneously. Chapter 3 of the present abstract examines the rela-

tionship between market liquidity and the introduction of regulatory requirements.

The model uses an MSDC based on Chapter 3 of the dissertation to derive the solu-

tion to, and findings of, a two-agent scenario. In Chapter 4 of the dissertation, the

change in market liquidity is measured through the change in bid-ask spread.

The introduction of regulatory requirements represents an additional constraint

to the optimization problem of market agents; thus, their previous optimal portfolio

may not be attainable any longer. Therefore, their utility for a given MSDC and

bid-ask spread may not increase. If the market agent is constrained in its optimal

decision by regulatory requirements, it makes sense for the market maker to in-

crease transaction costs as long as the optimal portfolio of the market agent under

the given regulatory requirements does not change. Based on the model output, the

introduction of regulatory requirements results in a reduction of market liquidity,

which restrains trading and risk sharing among agents. In the new equilibrium, the

profile of market agents remains riskier, and they achieve a lower level of utility.

In real life, regulation is much more complex, and intervention is justified by mar-

ket imperfections. Nevertheless, the dissertation confirms that intervention has its

costs and market liquidity is impacted by regulatory requirements, which should be

considered during the impact assessment of regulatory proposals.

The structure of the present thesis is as follows: Section 2.2 of Chapter 2 pro-

vides notation, summarizes portfolio valuation theory under liquidity constraints

without permanent price impact, and illustrates theory through numeric examples.

In Section 2.3, we propose new methodology to value illiquid portfolios with linear

permanent price impact functions.

In Chapter 3, the general equilibrium framework is introduced. In Section 3.2,

we give the notation, present the consumption-portfolio choice problem with and

without capital requirement. Then we introduce the market-clearing conditions and

the problem of the market maker. Finally, we compare equilibrium with and without

regulatory requirement. In Section 3.3, a specific, two agent model is examined

through analytical derivation and examples. Due to limitations on length, the present

abstract solely covers the general model of Chapter 3 of the dissertation in detail;

Chapters 4 (The relationship between bid-ask spread and regulation in a general

equilibrium model) and 5 (Institutions and economic growth: the effect of transaction

costs on risk sharing) of the dissertation are summarized only in a subsection each

(Subsections 3.3.3 and 3.4).

Chapter 4 concludes and outlines avenues for future research.



Chapter 2

Portfolio valuation under liquidity

constraints with permanent price

impact

This chapter is virtually identical to the paper of Csóka and Hevér (2018).

2.1 Introduction

In 2016, the SEC adopted New Rule 22e-4 to regulate the liquidity risk of regis-

tered open-end funds.3 In the liquidity risk management program, there are four in-

vestment classification categories (highly, moderately, less liquid and illiquid) based

on the level of convertibility to cash. To determine the value of an illiquid portfolio,

Acerbi and Scandolo (2008) use the MSDCs of the assets within the portfolio, and

a liquidity policy.

When institutional investors convert part of their portfolio to cash, they should

also take into account the permanent price impact on the remaining portfolio. Alm-

gren and Chriss (2001) and Almgren (2003) defined temporary and permanent price

impact functions to determine optimal execution strategies. During trading, supply-

demand imbalances cause temporary price impact. There are temporary price fluc-

tuations from the equilibrium price, but by the end of the period, the order book

recovers to eliminate the temporary price impact. On the other hand, permanent im-

pact changes the equilibrium price for the whole liquidation time horizon. In general,

some impact is temporary, and the rest is permanent. For valuing illiquid portfolios,

Acerbi and Scandolo (2008) assumed that there is no permanent price impact, which

is a reasonable assumption for smaller trades and longer time horizons, or for assets

3Securities and Exchange Commission’s Investment Company Liquidity Risk Management Pro-
grams, 17 CFR Parts 210, 270, 274, pp. 90 and 195. https://www.sec.gov/rules/final/2016/33-
10233.pdf.

8



2. Portfolio valuation under liquidity constraints with permanent price impact 9

having a relatively certain cash flow, such as bonds.

In this paper, we provide a new method for valuing illiquid portfolios with per-

manent price impact. We also assume that temporary effects dissipate by the time

the liquidity policy should be satisfied, but we incorporate permanent price impact.

Intuitively, there is an endowment effect on top of the transaction cost effect, which

should be taken into account in case of permanent price impact. The trade-off is

between trading more from a rather liquid asset to have lower transaction costs, and

trading less to cause lower permanent price impact on the remaining endowment of

the particular asset. As a specific case, we consider a cash liquidity policy with no

short positions (Csóka, 2017), where the acceptable portfolio must have 𝑐 units of

cash, and short positions should be closed.

In a sense, we capture that an institutional investor has the power to influence

or even manipulate the value of certain assets, which is also documented in recent

studies. In the Saudi Stock Market, Alzahrani, Gregoriou and Hudson (2012) found

an asymmetry in the price impacts of block purchases and sales. Han et al. (2016)

and Kitamura (2016) analyze data from order-driven markets to examine the price

impact of informed trading. Han et al. (2016) confirm the presence of informed trad-

ing by finding that a substantial portion of the price impact is persistent. Comparing

the market impact of small and large trades, Han et al. (2016) find that the price

impact of institutional investors is larger than that of individuals, and concludes

that stealth trading is usual. Kitamura (2016) also shows that there is a significant

price impact of informed trading.

Measuring the permanent price impact is challenging. Almgren et al. (2005) use

a unique data sample of US institutional orders executed by the Citigroup equity

trading desk to calibrate the models of Almgren (2003) and Almgren and Chriss

(2001). Unfortunately, based on publicly available data sets, the estimation cannot

be reproduced. We would need a reliable classification of individual trades as buyer-

or seller-initiated, and information on sequences of trades that form part of a large

transaction. Huberman and Stanzl (2004) show that a linear permanent price impact

function is needed for arbitrage-free pricing. Moreover, Almgren et al. (2005) test

empirically and cannot reject the hypothesis of a linear permanent price impact.

We also assume a linear permanent price impact and analyze the proposed opti-

mization problem. We show that solving the problem requires numerical methods

or further assumptions. To get analytical results, one can approximate the MSDCs

by exponential functions (Tian, Rood and Oosterlee, 2013).
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2.2 Portfolio valuation without permanent price im-

pact

In this section, we combine the notation of Acerbi and Scandolo (2008) and

Csóka and Herings (2014) to summarize how the value of an illiquid portfolio can

be defined without permanent price impact.

An investor can hold cash as well as risky assets from the set 𝐽 . Let 𝜃 = (𝜃0, 𝜃) ∈
R × R𝐽 denote a portfolio, where 𝜃0 is the amount of cash in the portfolio (𝜃0 < 0

means an immediate payment requirement) and 𝜃𝑗 is the quantity of assets held

from asset 𝑗 ∈ 𝐽 . Let Θ ∈ R×R𝐽 denote the space of portfolios. Moreover, let 𝜃⊕𝑎

denote adding 𝑎 ∈ R amount of cash to portfolio 𝜃 ∈ Θ, which results in portfolio

𝜈 ∈ Θ satisfying 𝜈0 = 𝜃0 + 𝑎 and 𝜈𝑗 = 𝜃𝑗 for all 𝑗 ∈ 𝐽 .

The value of a portfolio depends on the order books for the risky assets to be

specified as follows. We follow Cetin, Jarrow, and Protter (2004), Jarrow and Protter

(2005) and Acerbi and Scandolo (2008) in modeling the order books for every asset

𝑗 ∈ 𝐽 by a marginal supply-demand curve 𝑚𝑗.

Definition 2.1. The marginal supply-demand curve (MSDC) for asset 𝑗 ∈ 𝐽 is

given by the map 𝑚𝑗 : R ∖ {0} ↦→ R satisfying

(i) 𝑚𝑗(ℎ) ≥ 𝑚𝑗(ℎ) if ℎ < ℎ;

(ii) 𝑚𝑗(ℎ) is right-continuous with left limits for ℎ < 0 and left-continuous with

right limits for ℎ > 0.

The amount 𝑚𝑗(ℎ) for ℎ > 0 expresses the marginal bids at which asset 𝑗 ∈ 𝐽

can be sold. Similarly, 𝑚𝑗(ℎ) for ℎ < 0 represents the marginal asks at which asset

𝑗 can be bought. Let 𝑚𝑗(0
+) denote the best bid and 𝑚𝑗(0

−) the best ask price of

asset 𝑗 ∈ 𝐽 . For negative (positive) values of 𝑥, MSDC 𝑚𝑗(ℎ) corresponds to the

supply (demand) of asset 𝑗 ∈ 𝐽 by others. Note that the MSDCs are not defined

at zero. Since we are working with assets, it is natural to assume that 𝑚𝑗(ℎ) ≥ 0

for all 𝑗 ∈ 𝐽 . However, the MSDC of a contract (a swap agreement, for instance)

could admit positive and negative values as well. MSDCs can be used to calculate

the liquidation value of a portfolio.

Definition 2.2. The liquidation mark-to-market value of a portfolio 𝜃 ∈ Θ is de-

fined by

L(𝜃) = 𝜃0 +
∑︁
𝑗∈𝐽

∫︁ 𝜃𝑗

0

𝑚𝑗(ℎ)𝑑ℎ.

The liquidation mark-to-market value of a portfolio L(𝜃) is its initial cash, plus

the proceeds one recieves by liquidating long positions, and the amount of money

to be paid for closing short positions.
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The other extreme is to use the best bid prices for long positions and the best

ask prices for short positions.

Definition 2.3. The uppermost mark-to-market value of a portfolio 𝜃 ∈ Θ is defined

by

U(𝜃) = 𝜃0 +
∑︁
𝑗∈𝐽

[︀
𝑚𝑗(0

+)max(𝜃𝑗, 0) +𝑚𝑗(0
−)min(𝜃𝑗, 0)

]︀
.

In case of perfect liquidity (when all MSDCs are constant), we could liquidate

and value all the assets at the best prices. However, depending on the MSDCs, the

cost of prompt liquidation, which is the difference between the liquidation value and

the uppermost mark-to-market value of a portfolio, can be significant. The extent

to which liquidation is required is related to the so-called liquidity policy defined as

follows.

Definition 2.4. A liquidity policy ℒ ⊆ Θ is a closed and convex subset of the

portfolio-space satisfying

1. if 𝜃 ∈ ℒ and 𝑎 ≥ 0, then 𝜃 ⊕ 𝑎 ∈ ℒ,

2. if 𝜃 ∈ ℒ, then (𝜃0, 0
𝐽) ∈ ℒ.

As a specific case, we will consider a cash liquidity policy with no short positions

(Csóka, 2017), where the acceptable portfolio should have 𝑐 units of cash and short

positions must be closed.

Definition 2.5. Given 𝑐 ∈ R, the 𝑐-cash liquidity policy with no short positions

ℒ+ (𝑐) is given by

ℒ+(𝑐) =
{︀
(𝜃0, 𝜃) ∈ Θ|𝜃0 ≥ 𝑐 and 𝜃 ≥ 0𝐽

}︀
.

Note that the required cash 𝑐 could be negative as well.

As we will see, the value of a portfolio in this framework depends on how we can

reach the liquidity policy from it. A portfolio is attainable from another portfolio if

we can reach both its level of cash and amount of risky assets by trading.

Definition 2.6. Given a portfolio 𝜃 ∈ Θ, the portfolio 𝜈 ∈ Θ is attainable from 𝑝,

𝜈 ∈ 𝐴𝑡𝑡(𝜃) if there is 𝜌 ∈ Θ such that

𝜈 = 𝜃 − 𝜌⊕ L(𝜌).

Note that the liquidated part 𝜌 could also have short positions, meaning that

there will be more of those assets in the new portfolio, which requires cash. Now we

can define the (mark-to-market) value of a portfolio.
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Definition 2.7 (Acerbi and Scandolo (2008)). The mark-to-market value of port-

folio 𝜃 ∈ Θ under the liquidity policy ℒ is a function 𝑉 ℒ : Θ → R defined by

𝑉 ℒ(𝜃) = sup {𝑈(𝜈)|𝜈 ∈ 𝐴𝑡𝑡(𝜃) ∩ ℒ} . (2.1)

In (2.1), we are looking for the most valuable portfolio that is attainable from

the initial one and satisfies the liquidity policy. According to the next proposition,

this portfolio can be found as a solution to a convex optimization problem, which is

crucial for industry implementation.

Proposition 2.1 (Acerbi and Scandolo (2008)). Optimization problem (2.1) in 𝜈

is equivalent to a convex optimization problem in 𝜌, given by

𝑉 ℒ(𝜃) = sup {U(𝜃 − 𝜌) + L(𝜌)|𝜌 ∈ 𝐶ℒ(𝜃)} , (2.2)

where 𝐶ℒ(𝜃) is a convex set given by

𝐶ℒ(𝜃) = {𝜌|𝜃 − 𝜌⊕ L(𝜌) ∈ ℒ} .

If 𝐶ℒ(𝜃) is empty, then 𝑉 ℒ(𝜃) = −∞, else supremum 𝑉 ℒ(𝜃) ∈ R.

To illustrate the definitions, we provide the following example.

Example 2.1. Consider a market with cash and a single risky asset, where the

space of portfolios is given by Θ = R2. We are interested in the value of the initial

portfolio 𝜃 = (𝜃0, 𝑝1) = (4, 4), that is, we have 4 units of cash and 4 units of an

illiquid risky asset. Assume that the MSDC of the risky asset is given by

𝑚1(ℎ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

5 if ℎ < 0,

4 if 0 < ℎ ≤ 1,

2 if 1 < ℎ ≤ 3,

1 if 3 < ℎ.

We can calculate the liquidation and uppermost mark-to-market value of 𝜃 as

𝐿(𝜃) = 4 + 4× 1 + 2× 2 + 1× 1 = 13,

𝑈(𝜃) = 4 + 4× 4 = 20.

Suppose that the liquidity policy is a 10-cash liquidity policy with no short positions

ℒ+(10), where the acceptable portfolio must have 10 units of cash and short positions

must be closed.
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In 𝜃, there are 4 units of cash and no short positions, so we need 6 more units

of cash. To meet the liquidity policy, we can do nothing else but sell 2 units of

the risky asset, 𝜌 = (0, 2). The first unit is sold for 4, and the second unit for 2,

𝐿(𝜌) = 6. Indeed, we get that 𝜈 = 𝜃 − 𝜌 + 𝐿(𝜌) = (10, 2) ∈ 𝐴𝑡𝑡(𝜃) ∩ ℒ+(10). The

mark-to-market value of 𝜃 is

𝑉 ℒ+(10)(𝜃) = 𝑈(𝜈) = 10 + 4× 2 = 18.

In the spirit of Proposition 2.1, we get the same number from 𝑈(𝜃 − 𝜌) + 𝐿(𝜌) =

4 + 4× 2 + 6 = 18.

Notice that even though we have sold 2 units, the resulting portfolio was valued

using the original MSDC. The implicit assumption is that liquidity recovers by means

of new limit orders, i.e. the trading has no permanent price impact.

If there were full permanent price impact and, hence, no new limit orders, only

one more unit could be sold for 2 and the rest only for 1. In this case, the MSDC of

the risky asset 𝑚1 is

𝑚1(ℎ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
5 if ℎ < 0,

2 if 0 < ℎ ≤ 1,

1 if 1 < ℎ.

Using 𝑚1, the uppermost mark-to-market value of 𝜈 is 𝑈̂(𝜈) = 10 + 2 × 2 = 14,

which is, of course, lower then the one calculated with the original MSDC.

Motivated by Example 2.1, we incorporate the effects of permanent price impact

on the valuation of illiquid portfolios in the next section.

2.3 Portfolio valuation with linear permanent price

impact

We use a linear permanent price impact function in this paper. Huberman and

Stanzl (2004) show that a linear permanent price impact function (called price up-

date function in their paper) is needed for arbitrage-free pricing. Moreover, Almgren

et al. (2005) test empirically, and cannot reject, the hypothesis of a linear permanent

price impact. Translated to MSDCs, a linear permanent price impact means that in

function of the size of the trade, selling decreases and buying increases the level of

the MSDC linearly, formally defined as follows.

Definition 2.8. Let a risky asset 𝑗 ∈ 𝐽 , its MSDC 𝑚𝑗 and a parameter 𝛽𝑗 ∈ R+

be given. After liquidating 𝜌𝑗 ∈ R amount of asset 𝑖, the MSDC of asset 𝑖, modified
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with linear permanent price impact 𝑚
𝛽𝑗

𝑗 (ℎ) is

𝑚
𝛽𝑗

𝑗 (ℎ) = 𝑚𝑗(ℎ)− 𝛽𝑗𝜌𝑗.

Again, 𝜌𝑗 > 0 means selling, 𝜌𝑗 < 0 means buying from asset 𝑖.

Let us reconsider Example 2.1 with linear permanent price impact.

Example 2.2. [Example 2.1 continued.] In a more realistic case, the permanent

impact is smaller than the market impact. Suppose a linear permanent price impact

function with 𝛽1 = 0.2. Since we still can do nothing else but liquidate 2 units of

asset 1, the initial MSDC is lowered by 2× 0.2 and the MSDC of asset 1, modified

with linear permanent price impact, 𝑚1(ℎ) becomes

𝑚0.2
1 (ℎ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

4.6 if ℎ < 0,

3.6 if 0 < ℎ ≤ 1,

1.6 if 1 < ℎ ≤ 3,

0.6 if 3 < ℎ.

Using 𝑚0.2
1 , the uppermost mark-to-market value of 𝜈 is

𝑈(𝜈) = 10 + 3.6× 2 = 17.2,

which is somewhere between the case with no permanent price impact and that with

full permanent price impact.

Given linear price impact parameters 𝛽𝑗 ∈ R+ for each 𝑗 ∈ 𝐽 , analogously

to Definition 2.3, let 𝑈 denote the uppermost mark-to-market value function with

linear price impact, calculated from the MSDCs modified with linear permanent

price impact, that is, from 𝑚
𝛽𝑗

𝑗 for each 𝑗 ∈ 𝐽 .

Now we can define the mark-to-market value of a portfolio with linear permanent

price impact.

Definition 2.9. Given 𝛽𝑗 ∈ R+ for each 𝑗 ∈ 𝐽 , themark-to-market value of portfolio

𝜃 ∈ Θ with linear permanent price impact under liquidity policy ℒ is a function

𝑉
ℒ
: Θ → R defined by

𝑉
ℒ
(𝜃) = sup

{︀
𝑈(𝜈)|𝜈 ∈ 𝐴𝑡𝑡(𝜃) ∩ ℒ

}︀
. (2.3)

Next, we provide the following proposition, the proof of which is omitted since

it is straightforward along the lines of the proof of Proposition 2.1.
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Proposition 2.2. Given 𝛽𝑗 ∈ R+ for each 𝑗 ∈ 𝐽 , optimization problem (2.3) in 𝜈

is equivalent to an optimization problem in 𝜌, given by

𝑉
ℒ
(𝜃) = sup

{︀
𝑈(𝜃 − 𝜌) + L(𝜌)|𝜌 ∈ 𝐶ℒ(𝜃)

}︀
, (2.4)

where 𝐶ℒ(𝜃) is again a convex set given by

𝐶ℒ(𝜃) = {𝜌|𝜃 − 𝜌⊕ L(𝜌) ∈ ℒ} .

If 𝐶ℒ(𝜃) is empty, then 𝑉 ℒ(𝜃) = −∞, else supremum 𝑉 ℒ(𝜃) ∈ R.

Note that in Proposition 2.2, we only defined a general optimization problem due

to the appearance of 𝑈 . We leave it as further research to examine the convexity

property of (2.4). Consider the following example.

Example 2.3 (Examples 2.1 and 2.2 continued.). Let us extend the market to

two risky assets, so the space of portfolios is now given by Θ = R3. Suppose that

in the initial portfolio, there are also 4 units of a second risky asset, that is 𝜃 =

(𝜃0, 𝑝1, 𝑝2) = (4, 4, 4).

Let the MSDC of asset 2 be given by

𝑚2(ℎ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2 if ℎ < 0,

1 if 0 < ℎ ≤ 1,

0.6 if 1 < ℎ.

Let asset 2 also have a linear permanent price impact parameter of 0.2, that is

let 𝛽1 = 𝛽2 = 0.2. Finally, let us keep the 10-cash liquidity policy with no short

positions ℒ+(10). If there is no permanent price impact, and liquidity recovers, then

using Proposition 2.1, we get that it is optimal to liquidate 𝜌* = (0, 1, 8
3
) to get

the additional liquidity of 𝐿(𝜌*) = 6 and we obtain 𝜈* = 𝜃 − 𝜌* = (10, 3, 4
3
). The

mark-to-market value of 𝜃 is then

𝑉 ℒ+(10)(𝜃) = 𝑈(𝜈*) = 10 + 4× 3 + 1× 4

3
=

70

3
≈ 23.33.

If there is permanent price impact, then, after solving (2.4) the new optimum is to

liquidate 𝜌** = (0, 0.8, 4) to get the additional liquidity of 𝐿(𝜌**) = 6, and we obtain

𝜈** = (10, 3.2, 0). The new best bid of asset 1 becomes 4− 0.8× 0.2 = 3.84 and we

get that the mark-to-market value of 𝜃 with linear permanent price impact is

𝑉
ℒ+(10)

(𝜃) = 𝑈(𝜈**) = 10 + 3.84× 3.2 = 22.288.

Note that using the optimal trade with no permanent price impact 𝜌* = (0, 1, 8
3
)
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would result in 𝜈* = (10, 3, 4
3
), and the new best bids of asset 1 and asset 2 would be

4−1×0.2 = 3.8 and 1− 8
3
×0.2 = 7

15
, respectively. Then 𝑈(𝜈*) = 10+3.8×3+ 7

15
× 4

3
=

991
45

≈ 22.02 < 22.228 = 𝑈(𝜈**), which is, of course, not optimal.

Intuitively, there is an endowment effect on top of the transaction cost effect,

which should be taken into account with permanent price impact. The trade-off is

between trading more from a relatively liquid asset to have lower transaction costs

and trading less to cause lower permanent price impact on the remaining endowment

of the particular asset. In a sense, an institutional investor has the power to influence

or even manipulate the market.

2.3.1 Optimization problem with continuous MSDCs and

ℒ+ (𝑐) liquidity policy

To give more insights about the problem in (2.4), in the rest of the paper

we assume continuous MSDCs such that they are defined at zero, implying that

𝑚𝑗(0) = 𝑚𝑗(0
+) = 𝑚𝑗(0

−) for all 𝑗 ∈ 𝐽 . Moreover, we work with a 𝑐-cash liquidity

policy with no short positions ℒ+ (𝑐). The following formulation of the problem is

straightforward.

Proposition 2.3. Given 𝛽𝑗 ∈ R+ and continuous MSDCs 𝑚𝑗 for each 𝑗 ∈ 𝐽 , and

ℒ+ (𝑐), optimization problem (2.4) is equivalent to an optimization problem in 𝜌,

given by

𝑉
ℒ+(𝑐)

(𝜃) = max𝑈 (𝜃 − 𝜌) + L (𝜌) (2.5)

subject to

𝜃0 − 𝜌0 + L (𝜌) = 𝑐, and

𝜃𝑗 − 𝜌𝑗 ≥ 0 for all 𝑗 ∈ 𝐽.

Recall that using continuous MSDCs, the uppermost mark-to-market value func-

tion with linear price impact 𝑈 is given by

𝑈 (𝜃 − 𝜌) = 𝜃0 − 𝜌0 +
∑︁
𝑗∈𝐽

[𝑚𝑗(0)− 𝛽𝑗𝜌𝑗] (𝜃𝑗 − 𝜌𝑗). (2.6)

Based on Boyd and Vandenberghe (2004), we can use the Karush-Kuhn-Tucker

conditions to find the solution to (2.5). The Lagrangian function can be given by

G (𝜌, 𝜆, 𝜇) = −𝑈 (𝜃 − 𝜌)− L (𝜌) − 𝜆 [𝜃0 − 𝜌0 + L (𝜌)− 𝑐]−
∑︁
𝑗∈𝐽

𝜇𝑗 [𝜃𝑗 − 𝜌𝑗] .
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Using (2.6) and the definition of liquidation value,

G (𝜌, 𝜆, 𝜇) = −𝜃0 −
∑︁
𝑗∈𝐽

[𝑚𝑗(0)− 𝛽𝑗𝜌𝑗] (𝜃𝑗 − 𝜌𝑗)−
∑︁
𝑗∈𝐽

∫︁ 𝜌𝑗

0

𝑚𝑗(ℎ)𝑑ℎ

−𝜆

[︃∑︁
𝑗∈𝐽

∫︁ 𝜌𝑗

0

𝑚𝑗(ℎ)𝑑ℎ+ 𝜃0 − 𝑐

]︃
−
∑︁
𝑗∈𝐽

𝜇𝑗 [𝜃𝑗 − 𝜌𝑗] .

Let 𝜌**𝑗 denote the optimal 𝜌𝑗 for all 𝑗 ∈ 𝐽 . Without losing generality, we can assume

that its cash component 𝜌**0 = 0, since the optimization problem does not depend

on 𝜌0.

The Karush-Kuhn-Tucker conditions are as follows. First,

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜌𝑗
= 𝑚𝑗(0)− 2𝛽𝑗𝜌

**
𝑗 + 𝛽𝑗𝜃𝑗 − (1 + 𝜆)𝑚𝑗(𝜌

**
𝑗 ) + 𝜇𝑗 = 0 for all 𝑗 ∈ 𝐽.

Primal feasibility requires that

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜆
=

∑︁
𝑗∈𝐽

∫︁ 𝜌**𝑗

0

𝑚𝑗(ℎ)𝑑ℎ+ 𝜃0 − 𝑐 = 0,

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜇𝑗

= 𝜃𝑗 − 𝜌**𝑗 ≥ 0

Due to complementary slackness,

𝜇𝑗

[︀
𝜃𝑗 − 𝜌**𝑗

]︀
= 0 for all 𝑗 ∈ 𝐽.

Finally, dual feasibility requires that

𝜇𝑗 ≥ 0 for all 𝑗 ∈ 𝐽.

Now we can formally see the intuition of Example 2.3. Suppose that 𝜃𝑗−𝜌**𝑗 > 0.

Then −2𝛽𝑗𝜌
**
𝑗 + 𝛽𝑗𝜃𝑗 appears in the partial derivative of the Lagrangian function

with respect to 𝜌𝑗. So 𝜌 depends on initial portfolio 𝜃, the permanent price impact

parameters, and the marginal revenue (cost) at 𝜌**𝑗 > 0 (𝜌**𝑗 < 0) controlling both

for the endowment effect and the transaction cost effect.

Solving the problem requires numerical methods or further assumptions. To get

analytical results, one can approximate the MSDCs by exponential functions (Tian,

Rood and Oosterlee, 2013).
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2.3.2 Optimization problem with exponential MSDCs

The relevant question is how to model and estimate the MSDCs. The aim of Tian,

Rood and Oosterlee (2013) is to complement the theoretical framework of Acerbi

and Scandolo (2008) with practical implications. Tian, Rood and Oosterlee (2013)

provide algorithms to portfolio valuation in case of different MSDCs (ladder MSDCs

for actively traded products, exponential MSDCs for less liquid OTC markets). Their

main finding that ladder MSDCs can be accurately approximated by exponential

MSDCs is important for future applications.

Based on Tian, Rood and Oosterlee (2013), let𝑚𝑗 be given by𝑚𝑗(ℎ) = 𝐴𝑗 exp
−𝑘𝑗ℎ,

so we approximate non-increasing step function MSDCs by exponential functions.

The simplification is crucial because the existence of an analytical solution depends

on the functional form of𝑚𝑗. Exponential functions are defined at zero, thus without

permanent price impact, the resulting 𝜃 − 𝜌 portfolio is valued using the original

MSDC at zero, i.e. 𝑚𝑗(0) = 𝐴𝑗. To determine the analytical solution to the problem,

let us calculate the first order conditions with respect to 𝜌𝑗 and 𝜆

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜌𝑗
= 𝐴𝑗 − (1 + 𝜆)𝐴𝑗 exp

−𝑘𝑗𝜌
*
𝑗 +𝜇𝑗 = 0 ∀𝑗 ∈ 𝐽,

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜆
=

∑︁
𝑗∈𝐽

𝐴𝑗

𝑘𝑗

(︀
1− 𝑒−𝑘𝑗𝜌

*
𝑗
)︀
+ 𝜃0 − 𝑐 = 0.

Now value the resulting portfolio using the uppermost portfolio value with per-

manent price impact. The modified MSDC at zero for any asset 𝑗 ∈ 𝐽 is

𝑚𝑗(0) = 𝐴𝑗 − 𝛽𝑗𝜌𝑗,

so the analytical solution can be calculated by solving the equations

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜌𝑗
= 𝐴𝑗 − 𝛽𝑗𝜌

**
𝑗 + 𝛽𝑗𝜃𝑗 − (1 + 𝜆)𝐴𝑗𝑒

−𝑘𝑗𝜌
**
𝑗 + 𝜇𝑗 = 0 ∀𝑗 ∈ 𝐽

𝜕G (𝜌, 𝜆, 𝜇)

𝜕𝜆
=

∑︁
𝑗∈𝐽

𝐴𝑗

𝑘𝑗

(︀
1− 𝑒−𝑘𝑗𝜌

**
𝑗
)︀
+ 𝜃0 − 𝑐 = 0.

Consider the following examples.

Example 2.4. The space of portfolios is given by Θ = R3, so consider a market

of two illiquid securities. Suppose that in the initial portfolio, there are 600 units of

risky asset 1 and 1000 units of risky asset 2, that is 𝜃 = (𝜃0, 𝜃1, 𝜃2) = (0, 600, 1000).

Let the exponential MSDCs of the two assets be given by 𝑚1(ℎ) = 10𝑒−0,0001ℎ and

𝑚2(ℎ) = 10𝑒−0,00005ℎ. Let the assets have linear permanent price impact parameters

of 0.00003 and 0.0004, respectively, i.e. 𝛽1 = 0.00003 and 𝛽2 = 0.0004. Finally,
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suppose ℒ+(6000) cash liquidity policy with a minimum of 6000 units and no short

positions.

The analytically calculated optimal (𝜌1, 𝜌2) without permanent price impact is

(202.03, 404.05), whereas in case of permanent price impact with numerical method

we get (310.32, 296.63). If we determine portfolio values under the previously defined

assumptions, our results are

U(𝜃) = 16000

𝑉 ℒ+

(𝜃) = 15988

𝑉
ℒ+

(𝜃) = 15889

L(𝜃) = 15773.

Example 2.5 (Examples 2.4 continued). Let us use the parameters of Example 2.4

to perform a Monte Carlo simulation of the portfolio values with and without per-

manent price impact. Based on Acerbi and Scandolo (2008), we choose a liquidity

Figure 2.1:
Portfolio values under liquidity constraints with and without permanent price impact

risk model with one-factor non-trivial MSDCs. 𝐴1 and 𝐴2 are normally distributed

with mean and volatility of (10, 1), while 𝑘 is fixed. For every realization, we calcu-

late both portfolio values to correctly measure the difference. Our results are in line

with our expectations: portfolio values diminish when we take the permanent price

impact into consideration.

2.4 Conclusion

To take into account the impact of trading of institutional investors, we provided

a method for portfolio valuation under liquidity constraints with linear permanent
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price impact. We have seen that incorporating permanent price impact can have sig-

nificant impact on the optimal liquidation strategy. Given the cash and the number

of assets in the portfolio, the building blocks of our model are the MSDCs, the linear

price impact parameters of the assets, and the liquidity policy specifying the set of

acceptable portfolios. All blocks could be state contingent for modeling liquidity risk

and market risk together, running stress tests, and calculating capital requirements.

There are many further possible extensions for future research. One could model

nonlinear price impact or a price impact which does not shift all the points of the

MSDC in a parallel way. In fact, one of the reasons why we assume that short

positions must be closed is that in case of short-selling of an extreme volume of an

asset, the parallel shift of its MSDC results in negative prices at which short positions

could be closed, and then the optimization problem has no solution. For industry

implementation, the underlying optimization problem could be further investigated,

even for more general liquidity policies. Finally, our method could also be adjusted

to generate liquidity in high-frequency trading, since there is also permanent price

impact on a smaller timescale.



Chapter 3

The effect of regulation on market

liquidity: a general equilibrium

approach

3.1 Introduction

Liquidity is a key consideration in financial markets, especially in times of liq-

uidity crises. Brunnermeier and Pedersen (2008) list the Black Monday in 1987,

U.S.-Iraq war in 1990, fall of LTCM in 1998, and the subprime crisis in 2007 as rel-

evant examples. For this reason, regulatory attention to and measures in this field

have been on the rise for the past years. Based on practical experience, regulation

aiming at reducing liquidity risk appears to have the side-effect of reducing market

liquidity itself (i.e. the higher regulatory requirements become, the lower market

liquidity will be). The aim of this section is to define a framework in which these

opposite dynamics between regulation and liquidity can be modeled.

We augment a general equilibrium model with transaction costs. The purpose of

the trading of the agent is to smooth their future contingent payments (and thus

their consumption) through risk sharing. As initial and future stochastic endow-

ments determine the behavior and role of a given market agent in an economy, our

framework is suitable for describing a number of practical problems. The agents can

invest, borrow and hedge risky position by holding assets. In the model, investors

have to meet regulatory requirement given as a function of the expected shortfall

(ES) of their portfolio. The aim of regulation is to reduce risk-taking in invest-

ment decisions and the over-indebtedness of borrowing households, and ensure the

payment for losses on risky future positions.

In the present chapter, we use MSDCs to describe market liquidity. In the model,

market agents cannot trade directly with each other. Opposite orders are matched

21
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by a market maker who sets optimal MSDCs as a monopolist. Our finding is that

the introduction of regulatory constraints, if hit by the optimizing agent, reduces

market liquidity and the utility of agents.

In this section we summarize the models and results of Chapters 3 and 4 of

the dissertation. We present the general version of the model introduced in the

Hevér (2020) study. In Chapter 4 of the dissertation, the change in market liquidity

is measured through the change in bid-ask spread. Chapter 5 uses the model in

the context of the literature on institutions and economic growth, examining the

relationship between the introduction of transaction costs and risk-sharing. The

present chapter provides a brief summary of these Chapters of the dissertation in

the context of the presentation of various model variants.

3.2 The general equilibrium model

As far as the structure of the general equilibrium model is concerned, the disser-

tation relies heavily on Le Roy and Werner (2001). New features introduced herewith

include regulatory requirement as a function of expected loss, the use of endogenic

MSDC and bid-ask spread of the market maker, and the distinction of cash from

other assets, which makes saving in risk-free assets possible for all agents simulta-

neously.

3.2.1 Notation

In this section, we combine the notation of Csóka and Herings (2014) and Le

Roy and Werner (2001). There are two periods in our model. An investor can hold

cash, denoted by 𝜃0, as well as risky assets belonging to a set 𝐽. Securities are traded

in period 0, while payoffs are occur in period 1. The payoff of an asset is subject to

uncertainty. One out of 𝑆 possible states of nature materializes in the future, where

state of nature 𝑠 ∈ {1, . . . , 𝑆} occurs with probability 𝜋𝑠 > 0, such that
∑︀𝑆

𝑠=1 𝜋𝑠 = 1.

The payoff of asset 𝑗 ∈ 𝐽 in state of nature 𝑠 ∈ {1, . . . , 𝑆} is denoted by 𝑥𝑗𝑠 ∈ R.
Let us denote the payoff of asset 𝑗 ∈ 𝐽 by the vector 𝑥𝑗 = [𝑥𝑗1, · · · , 𝑥𝑗𝑆] ∈ RS and

the payoff-matrix by the matrix 𝑋 ∈ R𝐽 × R𝑆4

A portfolio comprises J securities. Denote the space of risky portfolios by Θ = R𝐽

and a portfolio or position by 𝜃 ∈ Θ. The value of a portfolio depends on the order

books for the various assets to be specified as follows. A function is càdlàg if it is

right continuous with left limits and làdcàg if it is left continuous with right limits.

Definition 3.1. The marginal supply-demand curve (MSDC) for asset 𝑗 ∈ 𝐽 is

given by the map 𝑚𝑗 : R ∖ {0} ↦→ R satisfying

4Market is set to be complete if the rank of 𝑋 is 𝑆. We do not assume complete markets.
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1. 𝑚𝑗(ℎ) ≥ 𝑚𝑗(ℎ
′) if ℎ < ℎ′;

2. 𝑚𝑗 is càdlàg at ℎ < 0 and làdcàg at ℎ > 0.

The MSDC can be used to calculate the liquidation value of a 𝜃 ∈ Θ portfolio of

risky assets.

Definition 3.2. The liquidation mark-to-market value of a risky portfolio 𝜃 ∈ Θ is

defined by

ℓ(𝜃) =
∑︁
𝑗∈𝐽

∫︁ 𝜃𝑗

0

𝑚𝑗(ℎ)𝑑ℎ. (3.1)

We have agents/investors belonging to set 𝐼. The portfolio 𝜃𝑖 ∈ R𝐽 of investor

𝑖 ∈ 𝐼 shows the amounts of assets held by investor 𝑖. Investor 𝑖 consumes 𝑐𝑖0 in

period 0 and 𝑐𝑖1 = [𝑐11, · · · , 𝑐1𝑆] in period 1, where 𝑐1𝑠 represents consumption in

state 𝑠 ∈ {1, · · · , 𝑆} . Investor 𝑖’s endowments are given by 𝜔𝑖
0 capturing the cash

in period 0 and 𝜔𝑖
1 = [𝜔𝑖

11, · · · , 𝜔𝑖
1𝑆] representing the stochastic income and value

of investments without capital requirements. Assume continuous utility function

𝑢𝑖 : R𝑆+1 → R to indicate investor 𝑖’s preferences.

3.2.2 Consumption portfolio choice without capital require-

ments

Investor 𝑖’s consumption-portfolio choice problem is

max
𝑐𝑖0,𝑐

𝑖
1,𝜃

𝑖,𝜃𝑖0

𝑢𝑖(𝑐𝑖0, 𝑐
𝑖
1) (3.2)

subject to

𝑐𝑖0 ≤ 𝜔𝑖
0 + ℓ(−𝜃𝑖)− 𝜃𝑖0 (3.3)

𝑐𝑖1 ≤ 𝜔𝑖
1 + 𝜃𝑖𝑋 + 𝜃𝑖01

𝑆. (3.4)

The agent determines optimal consumption level 𝑐𝑖0 and 𝑐𝑖1, optimal portfolio 𝜃𝑖

and the amount of the risk free asset 𝜃𝑖0. Its utility maximization is subject to

1. its period 0 consumption being no more than initial endowments minus the

amount of money needed to open position 𝜃𝑖 and keep risk-free asset (cash

or bank deposit) 𝜃𝑖0

2. its period 1 stochastic consumption being no more than its stochastic endow-

ment plus the payoff of position 𝜃𝑖 plus 𝜃𝑖0.
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3.2.3 Regulatory requirement

Consider the case when investors have to meet a cash liquidity requirement. De-

fine 𝛿𝑗 as the regulatory parameter for security 𝑗, so regulation determines different

𝛿s for different markets. The regulatory rule is to keep sufficient cash to cover a part

of the negative payoffs realized in adverse states of nature5.

Definition 3.3. Denote the function of regulatory requirement by 𝑒 : R×R𝑆×R𝑆 →
R . The required amount of the risk free asset is given by inequation

𝜃𝑖0 ≥ 𝑒
[︀
𝛿, 𝜃𝑖𝑋,𝜔𝑖

1

]︀
, (3.5)

where regulatory requirement function 𝑒 [𝛿𝑗, 𝜃
𝑖𝑋,𝜔𝑖

1] is a function of payoff 𝜃𝑖𝑋 of

risky portfolio, regulatory parameters 𝛿𝑗 and stochastic endowment 𝜔𝑖
1.

Modify investor 𝑖’s consumption and portfolio choice problem with regulatory

requirement. In this case, the maximization problem can be defined as

max
𝑐𝑖0,𝑐

𝑖
1,𝜃

𝑖,𝜃𝑖0

𝑢𝑖(𝑐𝑖0, 𝑐
𝑖
1) (3.6)

subject to

𝑐𝑖0 ≤ 𝜔𝑖
0 + ℓ(−𝜃𝑖)− 𝜃𝑖0 (3.7)

𝜃𝑖0 ≥ 𝑒
[︀
𝛿𝑗, 𝜃

𝑖𝑋,𝜔𝑖
1

]︀
(3.8)

𝑐𝑖1 ≤ 𝜔𝑖
1 + 𝜃𝑖𝑋 + 𝜃𝑖01

𝑆. (3.9)

Definition of Expected Shortfall

We will follow Csóka, Herings and Kóczy (2009) to define the expected short-

fall (ES ) of an asset or a portfolio. For security 𝑗 ∈ 𝐽 , denote the ordered values

of outcomes 𝑥𝑗1, · · · , 𝑥𝑗𝑠 by 𝑥𝑗,𝑠:𝑆, that is, {𝑥𝑗,1:𝑆, · · · , 𝑥𝑗,𝑠:𝑆} = {𝑥𝑗1, · · · , 𝑥𝑗𝑆} and

𝑥𝑗,1:𝑆 ≤ 𝑥𝑗,2:𝑆 · · · ≤ 𝑥𝑗,𝑠:𝑆. As a first step, we will give the definition with equiprobable

outcomes, so suppose that 𝜋1 = · · · = 𝜋𝑆 = 1
𝑆
.

Definition 3.4. The outcomes are equiprobable and 𝑘 ∈ {1, . . . , 𝑆}. The k-expected
shortfall of a realization vector 𝑥𝑗 for security 𝑗 ∈ 𝐽 is defined by

𝐸𝑆𝑘(𝑥𝑗) = −
𝑘∑︁

𝑠=1

1

𝑘
𝑥𝑗,𝑠:𝑆. (3.10)

5As an alternative approach, Le Roy and Werner (2001) suppose that collateral is needed in
case of security holdings which involve strictly negative payoffs in some states. Investors can insure
the fulfilment of their obligations by allocating their endowments to the securities as collateral
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As a general case, we do not suppose that each state of nature occurs with

the same probability. Denote 𝜋𝑗,𝑠:𝑆 the probability of the state where the expected

outcome of security 𝑗 is 𝑥𝑗,𝑠:𝑆.

Definition 3.5. The k-expected shortfall (𝑘 ∈ {1, . . . , 𝑆}) of a realization vector 𝑥𝑗

for security 𝑗 ∈ 𝐽 is defined by

𝐸𝑆𝑘(𝑥𝑗) = −
𝑘∑︁

𝑠=1

𝜋𝑗,𝑠:𝑆𝑥𝑗,𝑠:𝑆. (3.11)

The ES can be defined at portfolio level, too. For portfolio 𝜃𝑖 ∈ Θ, payoff∑︀
𝑗∈𝐽 𝜃

𝑖
𝑗𝑥𝑗𝑠 is realized in state of nature 𝑠 ∈ {1, · · · , 𝑆}. In this case, denote the

ordered values of outcomes
∑︀

𝑗∈𝐽 𝜃
𝑖
𝑗𝑥𝑗1, · · · ,

∑︀
𝑗∈𝐽 𝜃

𝑖
𝑗𝑥𝑗𝑆 by (

∑︀
𝑗∈𝐽 𝜃

𝑖
𝑗𝑥𝑗𝑠)𝑠:𝑆, where

{
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗1, · · · ,
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗𝑆} = {(
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗1)1:𝑆, · · · , (
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗𝑠)𝑆:𝑆}

and

(
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗1)1:𝑆 ≤ (
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗1)2:𝑆 · · · ≤ (
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗𝑆)𝑆:𝑆.

Definition 3.6. The outcomes are equiprobable and 𝑘 ∈ {1, . . . , 𝑆}. Given a port-

folio 𝜃𝑖 ∈ Θ , the k-expected shortfall of realization vector 𝜃𝑖𝑋 is defined by

𝐸𝑆𝑘(𝜃
𝑖𝑋) = −

𝑘∑︁
𝑠=1

1

𝑘
(
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗𝑠)𝑠:𝑆.

Let 𝜋𝜃𝑖𝑋,𝑠:𝑆 denote the probability of the state where the expected outcome of

portfolio 𝜃𝑖 is (
∑︀

𝑗∈𝐽 𝜃
𝑖
𝑗𝑥𝑗𝑠)𝑠:𝑆.

Definition 3.7. Given a portfolio 𝜃𝑖 ∈ Θ, the k-expected shortfall (𝑘 ∈ {1, . . . , 𝑆})
of a realization vector 𝜃𝑖𝑋 is defined by

𝐸𝑆𝑘(𝜃
𝑖𝑋) = −

𝑘∑︁
𝑠=1

𝜋𝜃𝑖𝑋,𝑠:𝑆∑︀𝑘
𝑙=1 𝜋𝜃𝑖𝑋,𝑙:𝑆

(
∑︁
𝑗∈𝐽

𝜃𝑖𝑗𝑥𝑗𝑠)𝑠:𝑆.

If the expected average payoff in the worst 𝑘 states of nature is negative, the k-

expected shortfall is positive, whereas in case of expected gain in the worst 𝑘 states

(for instance when investing into riskless bonds), ES will be negative.

Regulatory requirement as a function of Expected Shortfall

Consider the case when ∀𝑖 ∈ 𝐼 investors have to meet a cash liquidity require-

ment given as a function of the expected shortfall of the portfolio. The regulator
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can determine the regulatory requirement as a function of the expected shortfall in

the payoffs of assets or portfolios. Restrictions are introduced in all cases to discour-

age risk-taking, but different definitions result in significantly different equilibrium

portfolios.

1. Regulation at the level of assets

Suppose that the regulator specifies different parameters 𝛿𝑗 for each 𝑗 ∈ 𝐽

asset. The regulatory requirement function is given by

𝑒
[︀
𝛿𝑗, 𝜃

𝑖𝑋
]︀
=

∑︁
𝑗∈𝐽

𝛿𝑗 max
[︀
0, 𝐸𝑆𝑘(𝜃

𝑖
𝑗𝑥𝑗)

]︀
. (3.12)

According to the requirement, agents are required to hold risk-free assets

corresponding to the amount of the capital requirement aggregated for 𝑗 ∈ 𝐽

assets with positive ES

𝜃𝑖0 ≥
∑︁
𝑗∈𝐽

𝛿𝑗 max
[︀
0, 𝐸𝑆𝑘(𝜃

𝑖
𝑗𝑥𝑗)

]︀
. (3.13)

In this case, the regulator aims to discourage holding risky assets with signif-

icant negative payoff in adverse states of nature without taking into account

the risk-mitigating effects of portfolio diversification, and the stochastic en-

dowment. The use of different regulatory parameters for each assets allows

the promotion of ESG (environmental, social, governance) aspects, as the

regulator can stimulate the demand for preferred assets at the expense of

that for others. The introduction of the regulation excludes the possibility of

borrowing in period 0.

2. Regulation at the level of portfolios

If the regulator aims to contain the risk of the capital market positions of

agents, it determines the regulatory requirement as a function of the ES

quantified based on realization vector 𝜃𝑖𝑋 of the portfolio

𝑒
[︀
𝛿, 𝜃𝑖𝑋

]︀
= 𝛿𝐸𝑆𝑘(𝜃

𝑖𝑋). (3.14)

The requirement can be given as

𝜃𝑖0 ≥ 𝛿𝐸𝑆𝑘(𝜃
𝑖𝑋), (3.15)

where regulatory parameter 𝛿 determines what proportion of the expected

shortfall of the portfolio should be kept in the risk-free asset. If the average

expected payoff of the portfolio calculated for the worst 𝑘 states is positive,

i.e. it provides a profit, the ES will be negative. Borrowing is possible, but
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its extent is limited by the expected profit. The regulator takes into account

the diversification resulting from the holding of the portfolio, and formulates

a lower capital requirement compared to the regulatory requirement formu-

lated at the asset level. However, the holding of individual assets cannot be

encouraged or discouraged.

3.2.4 The problem of the market maker

Le Roy and Werner (2001) suppose that there is a specialist/market maker who

matches opposite orders for securities and consumes its profit in period 0.

In the model, market agents cannot trade directly with each other; the market

maker matches orders from both sides and consumes its profit in period 1. If |𝐼| ≥ 2,

i.e. there are at least 2 market agents, the market maker only acts as an intermediary

in equilibrium. It does not hold any assets, thus it is not required to set aside capital

to cover potential losses6.

Erb and Havran (2015) present the microstructure of financial markets in detail,

especially that of quote-driven ones. Their paper points out that reasons for market

imperfections can include the costs of search for counterparties and contacting, net-

work externalities, asymmetric information and the cost of holding inventory, which

can lead to different market microstructures. In the present dissertation, I assume

the simplest case based on Le Roy and Werner (2001): the market maker sets the

marginal supply-demand curve as a transaction monopolist for each asset, thereby

influencing the liquidity of the markets for these assets. Havran and Szűcs (2016)

assume duopolistic behaviour for market makers, which could be further analyzed

in the present modelling framework.

Definition 3.8. For security 𝑗 ∈ 𝐽 , the transaction cost function 𝑇𝑗 : R𝐼 → R is

defined as

𝑇𝑗(𝜃
1
𝑗 , · · · , 𝜃𝐼𝑗 ) = −

∑︁
𝑖∈𝐼

∫︁ −𝜃𝑖𝑗

0

𝑚𝑗(ℎ)dℎ. (3.16)

The transaction cost collected by the market maker in respect of each transaction

is given by function 𝑇 : R𝐼 × R𝐽 → R as

𝑇 (𝜃1, · · · , 𝜃𝐼) =
∑︁
𝑗∈𝐽

𝑇𝑗(𝜃
1
𝑗 , · · · , 𝜃𝐼𝑗 ) = −

∑︁
𝑗∈𝐽

∑︁
𝑖∈𝐼

∫︁ −𝜃𝑖𝑗

0

𝑚𝑗(ℎ)dℎ. (3.17)

.

In the model, the market maker sets the MSDC by maximizing its profit, thus

6The model is significantly different in case of a single market agent who trades with the market
maker: the latter takes some risk.
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its optimization problem is

max
𝑚𝑗() ∀𝑗∈𝐽

∑︁
𝑗∈𝐽

𝑇𝑗(𝜃
1
𝑗 , · · · , 𝜃𝐼𝑗 ), (3.18)

subject to each agent maximizes its utility when determining its portfolio 𝜃𝑖.

By placing limit orders, the market maker determines MSDCs based on which

market agents trade by submitting market orders. The market maker realizes rev-

enue in the form of transaction fees when matching offers. The amount of the revenue

depends on the functional form of the MSDC (the amount of bid-ask spread, and

the distance between transaction price level and best price). The form of the trans-

action cost function is determined by the MSDCs. Based on the definition of MSDC,

transaction cost function can be defined as follows:

Proposition 3.1. The revenue of the market maker 𝑇 (𝜃1, · · · , 𝜃𝐼) can be calculated

as the sum of the liquidation mark-to-market values ℓ(−𝜃𝑖) of the portfolios of agents

𝜃𝑖 ∈ Θ

𝑇 (𝜃1, · · · , 𝜃𝐼) =
∑︁
𝑗∈𝐽

𝑇𝑗(𝜃
1
𝑗 , · · · , 𝜃𝐼𝑗 ) =

∑︁
𝑖∈𝐼

−ℓ(−𝜃𝑖). (3.19)

Proof. By swapping the sums and using definition 3.2, the proposition becomes

trivial.

3.2.5 Market-clearing conditions

We determine the equilibrium for given MSDCs. An equilibrium consists of port-

folio allocations and consumption plans {𝜃*𝑖, 𝜃*𝑖0 , 𝑐*𝑖0 , 𝑐*𝑖1 } which are solution to in-

vestor 𝑖’s choice problem. The portfolio market clearing and consumption market

clearing conditions are∑︁
𝑖∈𝐼

𝜃𝑖 = 0 (3.20)∑︁
𝑖∈𝐼

𝑐𝑖0 ≤
∑︁
𝑖∈𝐼

𝜔𝑖
0 − 𝑇 (𝜃1, · · · , 𝜃𝐼)−

∑︁
𝑖∈𝐼

𝜃𝑖0 (3.21)∑︁
𝑖∈𝐼

𝑐𝑖1 ≤
∑︁
𝑖∈𝐼

𝜔𝑖
1 +

∑︁
𝑖∈𝐼

𝜃𝑖01
𝑆. (3.22)

Proposition 3.2. In equilibrium, when portfolio market clears∑︁
𝑖∈𝐼

𝜃𝑖 = 0,



3. The effect of regulation on market liquidity: a general equilibrium approach 29

consumption market-clearing conditions∑︁
𝑖∈𝐼

𝑐𝑖0 ≤
∑︁
𝑖∈𝐼

𝜔𝑖
0 − 𝑇 (𝜃1, · · · , 𝜃𝐼)−

∑︁
𝑖∈𝐼

𝜃𝑖0∑︁
𝑖∈𝐼

𝑐𝑖1 ≤
∑︁
𝑖∈𝐼

𝜔𝑖
1 +

∑︁
𝑖∈𝐼

𝜃𝑖01
𝑆.

hold as well because of budget constraints.

3.2.6 Equilibrium with and without regulatory requirement

It is key to understand what happens to market liquidity upon the introduction

of regulatory requirement. We have to compare two equilibria: the one determined

by the decision of agents in optimization problem (3.2) without requlatory require-

ment, and the one resulting from agent decisions in optimization problem (3.6) with

regulatory requirement. With the introduction of a regulatory requirement, an ad-

ditional constraint is added to the conditional maximization problem; therefore, the

set of decision options may not expand. Let us distinguish two cases as follows:

Proposition 3.3. Let {𝜃*𝑖, 𝜃*𝑖0 , 𝑐*𝑖0 , 𝑐*𝑖1 ,𝑚*
𝑗()} denote the equilibrium where 𝜃*𝑖𝜃*𝑖0 , 𝑐

*𝑖
0 ,

and 𝑐*𝑖1 are solutions to optimization problem (3.2) of the market agents. If for ∀𝑖 ∈ 𝐼

𝜃𝑖0 ≥ 𝑒
[︀
𝛿, 𝜃𝑖𝑋,𝜔𝑖

1

]︀
,

then {𝜃*𝑖, 𝜃*𝑖0 , 𝑐*𝑖0 , 𝑐*𝑖1 ,𝑚*
𝑗()} remains the equilibrium, if market agents make decisions

according to optimization problem (3.6).

The trivial proposition formulates the case where the optimum determined with-

out regulatory requirements meets the introduced constraint, i.e. the regulatory

constraint is redundant. The initial equilibrium remains attainable, the decision of

the market maker does not change, thus the MSDCs describing market liquidity are

identical in both cases.

Proposition 3.4. Let {𝜃*𝑖, 𝜃*𝑖0 , 𝑐*𝑖0 , 𝑐*𝑖1 ,𝑚*
𝑗()} denote the equilibrium where 𝜃*𝑖, 𝜃*𝑖0 , 𝑐

*𝑖
0 ,

and 𝑐*𝑖1 are solutions to optimization problem (3.2) of the market agents, and suppose

that ∃𝑖 ∈ 𝐼, for which

𝜃*𝑖0 < 𝑒
[︁
𝛿, 𝜃*𝑖𝑋,𝜔𝑖

1

]︁
.

In this case, equilibrium {𝜃**𝑖, 𝜃**𝑖0 , 𝑐**𝑖0 , 𝑐**𝑖1 ,𝑚**
𝑗 ()} where market partipants decide

according to optimization problem (3.6), is not identical to equilibrium

{𝜃*𝑖, 𝜃*𝑖0 , 𝑐*𝑖0 , 𝑐*𝑖1 ,𝑚*
𝑗()}.

If there is a market agent in the equilibrium determined without regulatory

requirement who breaches the constraint introduced as a regulatory requirement,
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the portfolio chosen earlier will not be attainable to it after the introduction of

the regulatory requirement. The equilibrium changes due to the introduction of the

regulatory requirement; the question is what happens to it. I will explore this in the

rest of this Chapter.

3.3 Specific cases of the model

Introducing portfolio value considering market liquidity into the optimization

problem of market agents is a challenge for multiple reasons. The quantification

of liquidation value as per definition 3.2 is performed using the marginal supply-

demand curve. In practice, however, the order book changes upon each matching of

orders, and the market maker also changes the quantities available at various price

levels after each transaction. If |𝐼| number of agents decide simultaneously to buy

some of asset 𝑗 ∈ 𝐽 , the market maker will sell the aggregate quantity of asset 𝑗 at

a different price from the one in the scenario in which a single market agent buys

the same quantity of the asset. For this reason, an additional assumption needs to

be made in the model. We can choose from the following ones:

� In case of |𝐼| = 2 agents, if the market maker does not hold inventory,

each asset is sold and purchased by a single agent, which eliminates the

problem. I use this solution in the example at the end of this chapter.

� The model can only be used in case of |𝐼| > 2 market agents using MSDCs

if it can be ensured that in equilibrium, there is a single seller and a

single buyer of each asset. This condition can be met by harmonising the

exogenously defined stochastic endowment with the payoff of the risky

assets. An exogenous constraint on the decisions of market agents pre-

defining which agent can trade which asset, as in Faias and Luque (2018),

is an alternative solution. How can we ensure that there is only one buyer

and one seller for every asset? Following Faias and Luque (2018), we can

constrain investors exogenously beforehand.

� In case of |𝐼| agents, a horizontal MSDC is an alternative way. In this

case, we simply model market liquidity through the bid-ask spread and

we do not examine the depth of the market. Chapters 4 and 5 introduce

a model variant using the bid-ask spread.

� The assumption of a single representative agent leads to a substantially

different model variant. A single agent can only trade if the market maker

is assumed to provide liquidity on the opposite side. The market maker is

a risk-taking agent, its decision problem changes, and the market-clearing
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condition is modified. The aim of the regulator may be to limit the risk-

taking of the market maker.

3.3.1 Model with two investors and MSDCs

Model without regulatory requirement

Suppose |𝐼| = 2, so two investors trade in the capital market. The consumption-

portfolio choice problem of investor 𝑖 ∈ 𝐼 is

max
𝑐𝑖0,𝑐

𝑖
1,𝜃

𝑖,𝜃𝑖0

𝑢𝑖(𝑐𝑖0, 𝑐
𝑖
1), (3.23)

subject to

𝑐𝑖0 ≤ 𝜔𝑖
0 + ℓ(−𝜃𝑖)− 𝜃𝑖0

𝜃𝑖0 ≥ 𝑒
[︀
𝛿, 𝜃𝑖𝑋,𝜔𝑖

1

]︀
𝑐𝑖1 ≤ 𝜔𝑖

1 + 𝜃𝑖𝑋 + 𝜃𝑖01
𝑆.

When the portfolio market clears, the sum of cash is not necessarily 0. The market-

clearing condition can be given by the equation

𝜃1 + 𝜃2 = 0,

which implies that −𝜃1𝑗 = 𝜃2𝑗 for ∀𝑗 ∈ 𝐽 risky security. Generally, we have consump-

tion market clearing conditions (one in period 0 and 𝑆 in the 𝑆 states of the period

1)

𝑐10 + 𝑐20 ≤ 𝜔1
0 + 𝜔2

0 − 𝑇 (𝜃1, 𝜃2)− 𝜃10 − 𝜃20

𝑐11 + 𝑐21 ≤ 𝜔1
1 + 𝜔2

1 + 𝜃101
𝑆 + 𝜃201

𝑆

as well. By summing up budget constraints, they trivially hold in this specific case.

The market maker maximizes the transaction cost function

max
𝑚1(),𝑚2()

𝑇1(𝜃
1
1, 𝜃

2
1) + 𝑇2(𝜃

1
2, 𝜃

2
2) = −ℓ(−𝜃1)− ℓ(−𝜃2) (3.24)

and consumes its profit in period 0.
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Problem with regulatory requirement as a function of ES

When agents face regulatory requirements, the model can be modified with in-

equation constraints.7 The introduction of regulatory requirements adds constraints

defined through inequations to the optimization problem of market agents. If the

regulator defines the requirement as a function of the expected shortfall of portfolios,

the following conditions will limit Agent 1

𝜃10 ≥ 𝛿𝐸𝑆𝑘(𝜃
1𝑋), (3.25)

and Agent 2

𝜃20 ≥ 𝛿𝐸𝑆𝑘(𝜃
2𝑋), (3.26)

respectively. Assuming two equiprobable states of nature, 𝑘 = 1, thus the regulatory

requirement is 𝛿 times the portfolio value realised in the state of nature resulting in

the lower payoff, i.e.

𝛿𝐸𝑆1(𝜃
1𝑋) = −𝛿min{−𝜃1𝑥11 + 𝜃2𝑥21;−𝜃1𝑥12 + 𝜃2𝑥22}

𝛿𝐸𝑆1(𝜃
2𝑋) = −𝛿min{+𝜃1𝑥11 − 𝜃2𝑥21; +𝜃1𝑥12 − 𝜃2𝑥22}.

Suppose that Agent 1 has positive endowment in state of nature 1, while its en-

dowment is 0 in state of nature 2. Conversely, Agent 2 has no endowment in state

of nature 1 and positive endowment in state of nature 2. Our assumption models

the very case where the natural exposures of agents are inverted, thus they can re-

ciprocally reduce the uncertainty of future payoffs through trading. Risk sharing is

performed by holding a capital market portfolio. We can assume that 𝑥11 > 0 and

𝑥22 > 0, while 𝑥12 = 0 and 𝑥21 = 0. Agent 1 sells asset 1 (−𝜃1 < 0) and buys asset

2 (𝜃2 > 0), whereas Agent 2 buys asset 1 (𝜃1 > 0) and sells asset 2 (−𝜃2 < 0). The

regulatory requirement takes the form of

𝜃10 ≥ 𝛿𝜃1𝑥11

𝜃20 ≥ 𝛿𝜃2𝑥22.

In case of this specific problem, the regulatory requirement defined at the level

of assets would lead to the same constraining inequations if 𝛿1 = 𝛿2. With these

simplifications, the optimization problem of market agents takes the functional form

of

max
𝜃1,𝜃2,𝜃10

ln(𝜔1
0 + ℓ(−𝜃1)− 𝜃10) +

1

2
ln(𝜔1

11 − 𝜃1𝑥11 + 𝜃10) +
1

2
ln(𝜃2𝑥22 + 𝜃10)

7No capital requirement applies to the market maker because it matches opposite orders with-
out taking risk on its own balance sheet once the market has cleared.
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subject to

𝜃10 ≥ 𝛿𝜃1𝑥11,

and

max
𝜃1,𝜃2,𝜃20

ln(𝜔2
0 + ℓ(−𝜃2)− 𝜃20) +

1

2
ln(𝜃1𝑥11 + 𝜃20) +

1

2
ln(𝜔2

12 − 𝜃2𝑥22 + 𝜃20)

subject to

𝜃20 ≥ 𝛿𝜃2𝑥22.

The Karush-Kuhn-Tucker conditions can be used to find the solution to the opti-

mization problems. The Lagrangian functions of the agents are

𝐺1(𝜃1, 𝜃2, 𝜃
1
0, 𝜆1) = ln(𝜔1

0 + ℓ(−𝜃1)− 𝜃10) +
1

2
ln(𝜔1

11 − 𝜃1𝑥11 + 𝜃10) +

+
1

2
ln(𝜃2𝑥22 + 𝜃10)− 𝜆1[𝜃

1
0 − 𝛿𝜃1𝑥11]

and

𝐺2(𝜃1, 𝜃2, 𝜃
2
0, 𝜆2) = ln(𝜔2

0 + ℓ(−𝜃2)− 𝜃20) +
1

2
ln(𝜃1𝑥11 + 𝜃20) +

+
1

2
ln(𝜔2

12 − 𝜃2𝑥22 + 𝜃20)− 𝜆2[𝜃
2
0 − 𝛿𝜃2𝑥22],

where 𝜆1 and 𝜆2 are the Lagrange multipliers. The first order conditions are provided

as follows:

𝜕𝐺1(𝜃1, 𝜃2, 𝜃
1
0, 𝜆1)

𝜕𝜃1
=

𝐴1𝑒
−𝑘1𝜃1

𝜔1
0 + ℓ(−𝜃1)− 𝜃10

+
1

2

−𝑥11

𝜔1
11 − 𝜃1𝑥11 + 𝜃10

+ 𝜆1𝛿𝑥11 = 0

𝜕𝐺1(𝜃1, 𝜃2, 𝜃
1
0, 𝜆1)

𝜕𝜃2
=

−𝐴2𝑒
𝑘2𝜃2

𝜔1
0 + ℓ(−𝜃1)− 𝜃10

+
1

2

𝑥22

𝜃2𝑥22 + 𝜃10
= 0

𝜕𝐺1(𝜃1, 𝜃2, 𝜃
1
0, 𝜆1)

𝜕𝜃10
=

−1

𝜔1
0 + ℓ(−𝜃1)− 𝜃10

+
1

2

1

𝜔1
11 − 𝜃1𝑥11 + 𝜃10

+
1

2

1

𝜃2𝑥22 + 𝜃10
− 𝜆1 = 0

𝜕𝐺1(𝜃1, 𝜃2, 𝜃
1
0, 𝜆1)

𝜕𝜆1
= 𝜃10 − 𝛿𝜃1𝑥11 ≥ 0

𝜕𝐺2(𝜃1, 𝜃2, 𝜃
2
0, 𝜆2)

𝜕𝜃1
=

−𝐴1𝑒
𝑘1𝜃1

𝜔2
0 + ℓ(−𝜃2)− 𝜃20

+
1

2

𝑥11

𝜃1𝑥11 + 𝜃20
= 0

𝜕𝐺2(𝜃1, 𝜃2, 𝜃
2
0, 𝜆2)

𝜕𝜃2
=

𝐴2𝑒
−𝑘2𝜃2

𝜔2
0 + ℓ(−𝜃2)− 𝜃20

+
1

2

−𝑥22

𝜔2
12 − 𝜃2𝑥22 + 𝜃20

+ 𝜆2𝛿𝑥22 = 0

𝜕𝐺2(𝜃1, 𝜃2, 𝜃
2
0, 𝜆2)

𝜕𝜃20
=

−1

𝜔2
0 + ℓ(−𝜃2)− 𝜃20

+
1

2

1

𝜃1𝑥11 + 𝜃20
+

1

2

1

𝜔2
12 − 𝜃2𝑥22 + 𝜃20

− 𝜆2 = 0

𝜕𝐺2(𝜃1, 𝜃2, 𝜃
2
0, 𝜆2)

𝜕𝜆2
= 𝜃20 − 𝛿𝜃2𝑥22 ≥ 0.
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Due to complementary slackness and dual feasibility,

𝜆1[𝜃
1
0 − 𝛿𝜃1𝑥11] = 0

𝜆2[𝜃
2
0 − 𝛿𝜃2𝑥22] = 0

𝜆1 ≥ 0

𝜆2 ≥ 0.

Substituting the liquidation values of the portfolios, the conditions are

𝐴1𝑒
−𝑘1𝜃1

𝜔1
0 − 𝐴1

𝑘1
(𝑒−𝑘1𝜃1 − 1) + 𝐴2

𝑘2
(1− 𝑒𝑘2𝜃2)− 𝜃10

−
1
2
𝑥11

𝜔1
11 − 𝜃1𝑥11 + 𝜃10

+ 𝜆1𝛿𝑥11 = 0

−𝐴2𝑒
𝑘2𝜃2

𝜔1
0 − 𝐴1

𝑘1
(𝑒−𝑘1𝜃1 − 1) + 𝐴2

𝑘2
(1− 𝑒𝑘2𝜃2)− 𝜃10

+
1
2
𝑥22

𝜃2𝑥22 + 𝜃10
= 0

−1

𝜔1
0 − 𝐴1

𝑘1
(𝑒−𝑘1𝜃1 − 1) + 𝐴2

𝑘2
(1− 𝑒𝑘2𝜃2)− 𝜃10

+
1
2

𝜔1
11 − 𝜃1𝑥11 + 𝜃10

+
1
2

𝜃2𝑥22 + 𝜃10
− 𝜆1 = 0

𝜃10 − 𝛿𝜃1𝑥11 ≥ 0

−𝐴1𝑒
𝑘1𝜃1

𝜔2
0 +

𝐴1

𝑘1
(1− 𝑒𝑘1𝜃1)− 𝐴2

𝑘2
(𝑒−𝑘2𝜃2 − 1)− 𝜃20

+
1
2
𝑥11

𝜃1𝑥11 + 𝜃20
= 0

𝐴2𝑒
−𝑘2𝜃2

𝜔2
0 +

𝐴1

𝑘1
(1− 𝑒𝑘1𝜃1)− 𝐴2

𝑘2
(𝑒−𝑘2𝜃2 − 1)− 𝜃20

−
1
2
𝑥22

𝜔2
12 − 𝜃2𝑥22 + 𝜃20

+ 𝜆2𝛿𝑥22 = 0

−1

𝜔2
0 +

𝐴1

𝑘1
(1− 𝑒𝑘1𝜃1)− 𝐴2

𝑘2
(𝑒−𝑘2𝜃2 − 1)− 𝜃20

+
1
2

𝜃1𝑥11 + 𝜃20
+

1
2

𝜔2
12 − 𝜃2𝑥22 + 𝜃20

− 𝜆2 = 0

𝜃20 − 𝛿𝜃2𝑥22 ≥ 0.

Analysis of change in equilibrium upon introduction of a regulatory re-

quirement

When comparing the two equilibria, I use the notation of Proposition 3.4. If

the regulatory requirement is redundant, i.e. the optimum determined without the

regulatory requirement complies with the new constraint, then 𝜆1 = 𝜆2 = 0. We get

back the first order conditions of the model without regulatory requirements. The

optimization problem of the market maker is unchanged, and the MSDCs describing

market liquidity do not change upon the introduction of the regulatory requirement

(Proposition 3.3). If 𝜆1 ̸= 0 and 𝜆2 ̸= 0, then

𝜃**10 − 𝛿𝜃**1 𝑥11 = 0

𝜃**20 − 𝛿𝜃**2 𝑥22 = 0.

due to complementarity. When optimizing, market agents hit the new constraint,

which will be binding. The optimal decisions of the agents change, thus the con-
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straints limiting the decision of the market maker are also modified (Proposition

3.4).

Compare the new equilibrium under regulatory constraints to the one without

regulation. For portfolios determined without regulatory constraints, inequations

𝜃*10 − 𝛿𝜃*1𝑥11 < 0

𝜃*20 − 𝛿𝜃*2𝑥22 < 0

hold true. In the new equilibrium, the constraint on asset 1 can be binding if

� 𝜃**10 > 𝜃*10

� 𝜃**10 = 𝜃*10 and 𝜃**1 < 𝜃*1

� 𝜃**10 < 𝜃*10 and 𝜃**1 < 𝜃*1.

If 𝜃**1 < 𝜃*1, the market maker sets a less liquid MSDC when maximizing transaction

cost. With the newMSDC, 𝜃**1 would be optimal even without regulatory constraints.

The question is whether 𝜃**1 = 𝜃*1 or 𝜃**1 > 𝜃*1 can hold true for equilibral positions

of asset 1 while 𝜃**10 > 𝜃*10 . Analogously, for asset 2, can 𝜃**2 = 𝜃*2 or 𝜃**2 > 𝜃*2 hold

true while 𝜃**20 > 𝜃*20 ?

3.3.2 Solution to the specific two-agent model

The specific model in which the endowments of agents are inverse in period 1

(𝜔2
12 = 𝜔1

11 := 𝜔1) and identical in period 0 (𝜔2
0 = 𝜔1

0 := 𝜔0) simplifies calculations

and is suitable for the analysis of the relationship between regulatory constraints

and market liquidity. In this case, the problem is symmetric, and for consumption,

𝑐10 = 𝑐20 := 𝑐0, 𝑐111 = 𝑐212 and 𝑐211 = 𝑐112 hold true, while 𝜃10 = 𝜃20 := 𝜃0 and 𝜃1 = 𝜃2 := 𝜃

hold for the optimal portfolios. Suppose that 𝑥12 = 𝑥21 = 0 and 𝑥11 = 𝑥22 := 𝑥

for the payoffs of the two assets. The market maker prices two assets with inverse

payoffs, and the target portfolios of the agents are inverted. The market maker buys

and sells quantities 𝜃 of both assets; therefore, setting the same exponential MSDC

(𝐴1 = 𝐴2 := 𝐴 and 𝑘1 = 𝑘2 := 𝑘) for both assets is a precondition to the existence

of an equilibrium.8

8The market maker prices assets with inverse payoffs; therefore, it could seem intuitive to
substitute the two assets for a single one with payoff 𝑥 in state of nature 1 and payoff −𝑥 in state
of nature 2. The market maker would price an asset with payoff [𝑥,−𝑥] by setting parameters 𝐴
és 𝑘 of the exponential MSDC. However, the liquidation values of the portfolios of the two agents
with symmetric positions trading through the same market maker would be different, thus this
would not be an equilibrium. In the case of bid-ask spread, the assumption of a single asset will
be possible.
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In case of capital market equilibrium, the portfolio of risky assets of Agent 1 is

𝜃1 = (−𝜃, 𝜃), and that of Agent 2 is 𝜃2 = (𝜃,−𝜃), thus the liquidation values of the

portfolios are identical in equilibrium.

ℓ(−𝜃1) = ℓ(−𝜃2) =

∫︁ 𝜃

0

𝐴𝑒−𝑘𝑥d𝑥+

∫︁ −𝜃

0

𝐴𝑒−𝑘𝑥d𝑥 =

−𝐴

[︂
1

𝑘
𝑒−𝑘𝑥

]︂𝜃
0

+ 𝐴

[︂
1

𝑘
𝑒−𝑘𝑥

]︂0
−𝜃

= −𝐴

𝑘

(︀
𝑒−𝑘𝜃 − 1

)︀
+

𝐴

𝑘

(︀
1− 𝑒𝑘𝜃

)︀
=

𝐴

𝑘

(︀
2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃

)︀
.

We can suppose that, when optimizing, market agents know that they can only

choose portfolios 𝜃1 = (−𝜃, 𝜃) and 𝜃2 = (𝜃,−𝜃). In this case, the conditional opti-

mization problems of the agents are identical and can be defined as

max
𝜃,𝜃0

ln

(︂
𝜔0 +

𝐴

𝑘

(︀
2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃

)︀
− 𝜃0

)︂
+

1

2
ln(𝜔1 − 𝜃𝑥+ 𝜃0) +

1

2
ln(𝜃𝑥+ 𝜃0)

subject to

𝜃0 ≥ 𝛿𝜃𝑥.

The first order conditions are as follows:

𝐴𝑒−𝑘𝜃 − 𝐴𝑒𝑘𝜃

𝜔0 +
𝐴
𝑘
(2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃)− 𝜃0

−
1
2
𝑥

𝜔1 − 𝜃𝑥+ 𝜃0
+

1
2
𝑥

𝜃𝑥+ 𝜃0
+ 𝜆𝛿𝑥 = 0 (3.27)

−1

𝜔0 +
𝐴
𝑘
(2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃)− 𝜃0

+
1
2

𝜔1 − 𝜃𝑥+ 𝜃0
+

1
2

𝜃𝑥+ 𝜃0
− 𝜆 = 0 (3.28)

𝜃0 − 𝛿𝜃𝑥 ≥ 0 (3.29)

𝜆[𝜃0 − 𝛿𝜃𝑥] = 0 (3.30)

𝜆 ≥ 0. (3.31)

Example 3.1. Similarly to the case of the speficic model, assume two agents, two

assets and 𝑆 = 2 states of nature in period 1. Agents have endowments of 𝜔0 = 10

in period 0 and 𝜔1
1 = (20, 0) and 𝜔2

1 = (0, 20) in period 1. The payoffs of the risky

assets are 𝑥1 = (2, 0) and 𝑥2 = (0, 2), respectively. The regulatory parameter is

𝛿 = 0.3. For a start, suppose that the market maker sets an endogenous exponential

MSDC in the functional form of 𝑚(𝜃) = 𝐴𝑒−𝑘𝜃.

The equilibrium portfolios of market agents using exponential MSDCs with var-

ious values of parameters k can be calculated. For a given parameter k, increasing

the value of parameter A results in an increase in transaction cost (Table 3.1). With

transaction cost increasing, the smoothing of the stochastic endowment of period 1
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𝐴 𝜃 𝜃0 𝑐0 𝑐112 = 𝑐211 𝑐111 = 𝑐212 𝑢1 = 𝑢2 𝜃0 − 𝛿𝜃𝑥
2000 0.12 3.49 6.4 3.7 23.2 4.09 3.41
1000 0.24 3.32 6.5 3.8 22.8 4.10 3.18
500 0.47 3.00 6.7 3.9 22.1 4.13 2.72
100 1.86 1.23 7.7 5.0 17.5 4.28 0.12
50 2.37 1.42 7.7 6.2 16.7 4.36 0.00

Table 3.1:
Equilibrium for 𝑘 = 0.003 and exponential MSDCs at various values of parameter 𝐴

is less and less feasible. The difference between the consumptions of the two future

states of nature increases and the attainable level of utility decreases. No transac-

tion is carried out when the level of utility drops to the level attainable without

trading. Trading and, consequently, risk sharing are constrained by the introduction

of regulatory requirement. In a favourable transaction environment (𝑘 = 0.003 and

𝐴 ≤ 50), traded position 𝜃 in risky assets is constrained by regulatory requirements

in reaching the optimum from risk sharing point of view. The impact is similar in

case of a fixed parameter A and an increasing parameter k (Table 3.2).

𝑘 𝜃 𝜃0 𝑐0 𝑐112 = 𝑐211 𝑐111 = 𝑐212 𝑢1 = 𝑢2 𝜃0 − 𝛿𝜃𝑥
0.1 0.01 3.64 6.35 23.6 3.7 4.08 3.63
0.01 0.14 3.45 6.4 23.2 3.7 4.09 3.37
0.005 0.28 3.25 6.5 22.7 3.8 4.11 3.08
0.003 0.47 3.00 6.7 22.1 3.9 4.13 2.72
0.001 1.25 1.96 7.3 19.4 4.5 4.21 1.20
0.0001 3.07 1.84 7.7 15.7 8.0 4.45 0.00

Table 3.2: Equilibrium
in case of exponential MSDCs with 𝐴 = 500 and various values of parameter 𝑘

When setting the optimal MSDC, the market maker considers the optimal deci-

sions of agents with the given MSDC. Therefore, for the maximization of transaction

revenue, we can assume that the first order conditions to the consumption-portfolio

choice problem of market agents are met. Without regulatory constraints, the opti-

mization problem of the market maker is as follows:

max
𝐴,𝑘

−ℓ(−𝜃1)− ℓ(−𝜃2) =
2𝐴

𝑘

(︀
𝑒−𝑘𝜃 + 𝑒𝑘𝜃 − 2

)︀
,

subject to

𝐴𝑒−𝑘𝜃 − 𝐴𝑒𝑘𝜃

𝜔0 +
𝐴
𝑘
(2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃)− 𝜃0

−
1
2
𝑥

𝜔1 − 𝜃𝑥+ 𝜃0
+

1
2
𝑥

𝜃𝑥+ 𝜃0
= 0

−1

𝜔0 +
𝐴
𝑘
(2− 𝑒−𝑘𝜃 − 𝑒𝑘𝜃)− 𝜃0

+
1
2

𝜔1 − 𝜃𝑥+ 𝜃0
+

1
2

𝜃𝑥+ 𝜃0
= 0.
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, With regulatory constraints, the market maker optimizes the transaction cost func-

tion

−ℓ(−𝜃1)− ℓ(−𝜃2) =
2𝐴

𝑘

(︀
𝑒−𝑘𝜃 + 𝑒𝑘𝜃 − 2

)︀
under first order conditions 3.27 and 3.31. Let us see whether the optimal MSDC

of the market maker changes upon introduction of regulatory constraints. If, in

equilibrium, 𝜆 = 0, then 𝜃0 − 𝛿𝜃𝑥 ≥ 0 is met, and the optimization problem of the

market maker does not change. However, 𝜃0 − 𝛿𝜃𝑥 = 0 and 𝜆 > 0 can also apply

in equilibrium. In this case, the inequation 𝜃0 − 𝛿𝜃𝑥 < 0 applies in the equilibrium

determined without regulatory constraints. The constraint can be binding in the

new equilibrium provided that

� 𝜃0 increases or

� 𝜃0 is unchanged and 𝜃 decreases or

� 𝜃0 increases and 𝜃 decreases.

If 𝜃 decreases, the market maker sets a less liquid MSDC to maximize transaction

revenue. We have to investigate whether 𝜃 can remain unchanged or increase in the

new equilibrium. By rearranging first order condition 3.28, we get

𝑐0 =
2(𝜆+ 1)
1
𝑐111

+ 1
𝑐112

(3.32)

for the consumptions of the periods. As 𝜆 > 0, the smoothing of consumption

across periods is less feasible; the relative consumption of period 0 will be higher.

For increasing 𝜃0 and unchanged 𝜃, condition 3.32 is breached. As liquidation value

(2 − 𝑒−𝑘𝜃 − 𝑒𝑘𝜃) decreases upon an increase in 𝜃, the condition cannot be met if

𝜃0 and 𝜃 increase, either. 𝜃 necessarily decreases in the new equilibrium, i.e. the

introduction of a regulatory constraint results in a decrease in market liquidity.

Example 3.2. Continue example 3.1. Supposing a fixed parameter 𝑘 = 0.003,

determine the optimal parameter value 𝐴 of the market maker for various parameters

𝛿 of introduction of regulatory constraints (table 3.3).

If parameter 𝐴 is fixed rather than 𝑘, the market maker will determine the

optimal value of 𝑘 for each 𝛿. For a given parameter 𝛿, it will attain the same

level of transaction cost by setting optimal MSDCs of various shapes. The optimal

portfolio of agents does not change (Table 3.4).

In the example, the optimal parameters 𝑘 (and 𝐴) of the market maker are lower

without regulatory constraints, the MSDC set is flatter and the risky asset is more

liquid. In the optimum on a more liquid market, agents trade a higher quantity 𝜃 of
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𝛿 𝐴 𝜃 𝜃0 𝑐0 𝑐112 = 𝑐211 𝑐111 = 𝑐212 𝑢1 = 𝑢2 𝑇 (𝜃,−𝜃) 𝜃0 − 𝛿𝜃𝑥
0.6 140.7 1.4 1.7 10.0 18.8 4.6 4.54 1.75 0
0.5 126.0 1.6 1.6 10.3 18.4 4.7 4.56 1.86 0
0.3 95.0 1.9 1.2 11.1 17.3 5.0 4.63 2.12 0
0.2 78.2 2.2 0.9 11.4 16.5 5.3 4.66 2.26 0
0.1 59.3 2.6 0.5 11.9 15.3 5.7 4.71 2.37 0
0 53.1 2.7 0.4 12.0 14.9 5.9 4.72 2.38

Table 3.3: Optimal decision of the market maker for
exponential MSDCs with parameter 𝑘 = 0.003 and various values of parameter 𝛿

𝛿 𝑘 𝜃 𝜃0 𝑐0 𝑐112 = 𝑐211 𝑐111 = 𝑐212 𝑢1 = 𝑢2 𝑇 (𝜃,−𝜃) 𝜃0 − 𝛿𝜃𝑥
0.6 0.0042 1.4 1.7 10.0 18.8 4.6 4.54 1.75 0
0.5 0.0038 1.6 1.6 10.3 18.4 4.7 4.56 1.86 0
0.3 0.0029 1.9 1.2 11.1 17.3 5.0 4.63 2.12 0
0.2 0.0023 2.2 0.9 11.4 16.5 5.3 4.66 2.26 0
0.1 0.0018 2.6 0.5 11.9 15.3 5.7 4.71 2.37 0
0 0.0016 2.7 0.4 12.0 14.9 5.9 4.72 2.38

Table 3.4: Optimal decisions of the market maker for an expo-
nential MSDC with parameter 𝐴 = 100 and various/changing values of parameter 𝛿

risky assets, and their utility increases due to the partial realization of risk sharing.

The market maker is compensated through higher traded volume on the more liquid

market: the transaction fee collected is higher than in a less liquid market.

Using the MSDC optimal for the market maker, the regulatory constraint in-

troduced will be binding for all values of regulatory parameters 𝛿 in tables 3.3 and

3.4 (𝜃0 − 𝛿𝜃 = 0). The equilibrium changes due to the regulatory constraint. When

determining their optimal portfolios, market agents hit the constraint, and the prior

optimal portfolio is not attainable any more with the optimal MSDC without reg-

ulatory constraints. Due to regulation, market makers trade a lower quantity 𝜃 of

risky assets, thus the optimal MSDC of the market maker is less liquid.

If the value of the regulatory parameter is lower than the 0.1 used in the table, for

example 𝛿 = 0.05, the regulatory constraint is also met in the optimum determined

without constraint (𝜃0−𝛿𝜃 = 0, 12). Equilibrium and market liquidity do not change.

3.3.3 Model with bid-ask spread

As a specific case of the model framework outlined in Chapter 3, I measure

market liquidity as the price difference between bid and ask offers in Chapter 5 of

the dissertation. The quantity of assets available at the best prices is assumed to be

unlimited, i.e. the MSDC is horizontal on both the supply and demand side. I show

that the optimal bid-ask spread of the market maker increases and market liquidity

decreases in response to the regulatory constraint. I calculate solutions and present
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sharing

results for both the N- and the two-agent cases. This chapter relies on the results

published in the paper Hevér (2020).

I use the notation introduced in section 3.2.1 for the model with bid-ask spread.

In order to facilitate the solution, the following additional concepts are defined:

vectors of bids, asks, bid-ask spreads and short and long positions. In the analytical

derivation, I first introduce the bid-ask spread, and subsequently the regulatory

constraint.

In case of direct trading (𝑡1 = 𝑡2 = 0), risk sharing is complete. Due to the in-

crease in bid-ask spread, the future payoff of the traded portfolios of market agents

is gradually decreasing. Beyond a certain level, agents stop trading with each other

and diversification does not occur. In the example used as illustration, the intro-

duction of bid-ask spread leads to borrowing becoming the optimal strategy. As the

spread increases, saving becomes optimal due to the dampening of trading. This

is due to the fact that positions held in risk-free assets play a role in risk sharing

among both periods and states of nature. If the level of bid-ask spread is set by

a profit-maximizing market maker, there will be trading among market agents in

equilibrium. The difference between the payoffs in future states of nature is reduced,

but no complete risk sharing occurs.

I distinguish two possible outcomes of the introduction of regulatory requirement.

In the first one, where the equilibrium portfolio determined without the constraint

meets the new regulatory constraint, the optimal decisions of agents remain un-

changed. Adding to the results with MSDCs, I examine what level of regulatory

parameter 𝛿 keeps the equilibrium unchanged. As the bid-ask spread increases, even

a stricter regulatory requirement (represented by higher 𝛿) remains redundant. In

the second case, where the optimal decisions of market agents change due to the

introduction of the regulatory constraint, the optimization problem of the market

maker also changes. Equilibrium spread increases, i.e. market liquidity decreases.

In the specific model framework of Chapter 4 of the dissertation, I confirm the

conclusions reached in Chapter 3 through analytical derivation. Due to limitations

on length, the present abstract solely covers the general model of Chapter 3 of the

dissertation in detail.

3.4 Institutions and economic growth: the effect of

transaction costs on risk sharing

Chapter 5 of the dissertation uses the general equilibrium model in the con-

text of the literature on institutions and economic growth, examining the relation-

ship between the introduction of transaction costs and risk sharing. Fernández and
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Tamayo (2017) measure the level of development of the system of financial inter-

mediation by market frictions (information asymmetry and transaction costs). In

their model, market frictions are determined by the institutions resulting from col-

onization strategy, historical junctures and legal origins. Market frictions are rep-

resented by financing constraints, incomplete risk-sharing, liquidity shortages and

poor market discipline, influencing the accumulation and allocation of capital. Yang

and Borland (1991) construct a dynamic general equilibrium model which captures

economic growth through the development of division of labor. The paper underlines

that the efficiency of transactions determines the evolution of the division of labor

and thereby the performance of the economy of the country.

The general equilibrium model is presented in the form of a decision tree. The

two representative market agents have a choice between division of labor and self-

sufficiency. Division of labor offers a higher but uncertain future payoff occurring

only in one state of nature. Without transaction costs, the division of labor is com-

plete, aggregate endowment (which can be regarded as a measure of productivity)

and the consumption and utility of agents increase. Upon introduction of transaction

costs into the model, agents trade fewer risky assets in equilibrium, and the elimi-

nation of the risk of stochastic endowment as natural exposure is not carried out,

thus consumption and utility decrease. In extreme cases, the increase of transaction

cost results in choosing self-sufficiency; therefore, the economic growth enabled by

the division of labor does not take place. If the objective of the state is profit maxi-

mization, its self-interest will determine the level of transaction costs in a way that

results in division of labor as the optimal choice of agents in equilibrium. Whether

all or only part of the surplus from the division of labor is captured by the state

depends on the level of endowments.

3.5 Conclusions

My aim has been to introduce a framework that enables the examination of the

relationship between regulation and market liquidity. In the first part of the chapter,

I outlined modelling options and model variants, leaving several possible avenues of

research open. Subsequently, I solved a specific two-agent model and illustrated the

results through examples. Although the core of the general equilibrium model builds

on the book of Le Roy and Werner (2001), I have made significant additions in order

to enable the examination of the research question.

I embed market liquidity into portfolio allocation decisions of agents because the

purchase and sale of portfolios takes place at liquidation values determined using

the MSDC. The impact of introduction of regulatory constraints on market liquidity

can be examined using an endogenous MSDC. Accordingly, offers are matched by
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a market maker and transaction costs are maximized through setting the MSDC.

The market maker decides on the parameters of the MSDC of a shape defined

exogenously (linear, exponential, ladder). As market agents optimize simultaneously,

an additional assumption is needed to ensure that each asset has a single seller and

a single buyer in equilibrium. One solution applied is a two-agent model, another

one is the use of bid-ask spread.

As a prerequisite to the introduction of a regulatory requirement setting the

minimum level of risk-free asset, I distinguish the risk-free asset from risky assets.

The conditions to capital market equilibrium do not apply to it: market agents

can hold cash or take (0% interest) loans independently of each other. Regulatory

requirements can be defined as functions of expected shortfall in assets or portfolios.

Different regulatory constraints result in different equilibrium portfolios.

The second part of the chapter presents and examines the results of the two-agent

model. The aims of trading of market agents are to reduce the risk arising from the

uncertaintly of future payoffs, smoothing of consumption and maximization of their

utility. I introduce regulatory constraint as a function of expected shortfall defined

at portfolio level into the model. Parameter 𝛿 defines what portion of ES shall be

covered by the regulatory requirement. It is trivial that as an additional constraint is

added to the conditional maximization problem, the situation of the optimizing agent

cannot improve. As long as the regulatory constraint is redundant, the equilibrium

does not change. If the regulatory constraint results in a new equilibrium, trading

and risk sharing are reduced, and the utility of agents drop.

Regulatory requirement also changes the problem of the optimizing market maker.

If the regulatory constraint is binding at a given value of the regulatory parame-

ter, the market maker will keep increasing transaction cost up to the point where

the regulatory constraint becomes redundant. In case of an exponential MSDC, the

market maker increases the variable parameter of the MSDC, and market liquid-

ity decreases. As regulatory parameter 𝛿 increases, the market maker determines

less and less liquid MSDCs. The stricter the regulatory requirement is, the larger

the negative impact on market liquidity is. The model underlines the importance of

considering the impact of regulation on liquidity when choosing regulatory measures.
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Conclusions

Liquidity is a key consideration in financial markets, especially in times of liq-

uidity crises. For this reason, regulatory attention to this field has been on the rise

for the past years.

Acerbi and Scandolo (2008) formalize liquidity risk at portfolio level to incorpo-

rate liquidity into the theory of coherent risk measures. In order to determine the

value of an illiquid portfolio, their theory uses the marginal supply-demand curves

of the assets within the portfolio and a liquidity policy, defining the set of accept-

able portfolios. When deriving optimal execution strategies, institutional investors

should take into consideration the impact of their trading and its permanent price

impact (Almgren and Chriss, 2001). To handle this problem, we modified portfolio

valuation under liquidity constraints by permanent price impact in Chapter 2. Our

method can be applied in all cases where there is a need to calculate risk measures

or capital requirements. (Csóka and Hevér, 2018)

Based on practical experience and theoretical models, it seems that regulation

aiming at reducing liquidity risk and risk-taking has the side-effect of reducing mar-

ket liquidity. We used a general equilibrium model with transaction costs (using

MSDCs and bid-ask spreads) to formalize the opposite dynamics between regula-

tion and liquidity. In the model, the introduction of regulatory requirements results

in higher endogenous bid-ask spread (a measure of lower market liquidity), which

lowers traded volumes and risk sharing among agents in equilibrium. As a result,

consumption profiles remain riskier and utility levels are reduced.

Although each Chapter of the dissertation is a standalone study, they are closely

interrelated through the applied methodology, uniform notation and research ques-

tions. Each Chapter starts with a comprehensive review of literature which intro-

duces and lays the foundation for research. After the presentation of methodology

developed by others, I contribute new model variants and results to literature. The

results presented in Chapter 2 and in Section 3.3.3 have already been published

(Hevér, 2017; Csóka and Hevér, 2018; Hevér, 2020), while Section 3.4 is under re-

43
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view and Chapter 3 is work in progress.

There are many further possible directions for future research. Using permanent

price impact in portfolio valuation under liquidity policy, one could model nonlinear

price impact or a price impact which does not shift all the points of the MSDC in a

parallel way. In fact, one of the reasons why we assume that short positions must be

closed is that in case of short-selling of an extreme volume of an asset, the parallel

shift of its MSDC results in negative prices at which short positions could be closed,

and then the optimization problem has no solution. For industry implementation,

the underlying optimization problem could be further investigated, even for more

general liquidity policies. Finally, our method could also be adjusted to generate

liquidity in high-frequency trading, since there is also permanent price impact on a

smaller timescale.

In the general equilibrium model of Chapter 3, I do not discuss the conditions to

the existence and uniqueness of an equilibrium. Most model variants are only out-

lined; detailed analysis can be subject of further research. At the level of the general

model, it is key to compare the two equilibria defined in Proposition 3.4 from the

market liquidity point of view. A relevant question is how to choose between regu-

lations at the level of assets and portfolios. It can be subject of further analysis how

liquidity and the demand for assets can be influenced by asset-level regulation and

different values of the regulatory parameter. Taking natural exposure into account

is relevant due to its importance in theory. Regulatory options based on expected

shortfall can be contrasted with ones introducing collateral requirements.
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